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_ , Abstract. We prove invariance of the Gibbs measure for the (gauge transformed) 

perfodic quartic gKdV. The Gibbs measure is supported on H^(T) for s < i, and 
\ the quartic gKdV is analyticahy ih-posed in this range. In order to consider the flow 

in the support of the Gibbs measure, we combine a probabilistic argument and the 
second iteration and construct focal-in-time solutions to the (gauge transformed) 
quartic gKdV almost surely in the support of the Gibbs measure. Then, we use 
Bourgain's idea to extend these focal solutions to global solutions, and prove the 
invariance of the Gibbs measure under the flow. Finally, Inverting the gauge, 
we construct almost sure global solutions to the (ungauged) quartic gKdV below 
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1. Introduction 

In this paper, we consider the periodic quartic generalized Korteweg-de Vries 
(gKdV) equation 

dtu + d^u = ld^{u^), xeT,teM, 
u{x, 0) = Uo{x), 

where u is a real-valued function on T x M with T = [0, 2tt) and the mean of Uq is 
zero. From conservation of the mean, it follows that the solution u{t) of (11. ip (if it 
exists) has spatial mean zero for all t G M. Throughout this paper, we assume that 
the spatial mean ^(O,^) is always zero for all t G M. 

The system (11.11) is a special case of the gKdV equation 

dtU + d^u = ^dx{uP), xGT, )f:GM,p>2 integer, 
u{x, 0) = Uo{x). 

The KdV ( (ll.2p with p = 2) is a canonical model for dispersive waves in physics. 
This equation has a rich history and the related literature is extensive. The modified 
KdV (mKdV, p = 3) has also appeared in physics, and it is closely related to KdV 
through the Miura transform. Higher power gKdV equations {p > 4) have been 
studied mainly by mathematicians; there is interest in exploring the balance of a 
stronger nonlinearity with dispersion. 

The system (II. 2p has a conserved (if it is finite) Hamiltonian given by 



;i.2) 



T 



Then (II. 2p can be reformulated as 

(1.3) dtu = dx^, 

where ^ is the Frechet derivative with respect to the L^(T)-inner produclQ. This 
Hamiltonian structure leads to a natural question: is the Gibbs measure "c?// = 
Q~H{u)^^n i]2variant under the flow of (II. 2p ? 

The Gibbs measure ^ for (II. 2p . first constructed in Lebowitz-Rose-Speer [18], is 
supported on H^^iT) = f]^^! H'^(T) (for p < 5 only, with appropriate restrictions). 
To ask the question of its invariance under the flow, one needs to prove that the 
evolution of (II. 2p is well-defined (globally-in-time) for initial data in the support of 
/i. For this step, it suffices to prove global well-posedness of (II. 2p in H^{T) for some 
s<|. 

Let us recall some well-posedness results for (II. ip and (II. 2p . In [Ij, Bourgain 
introduced a weighted space-time Sobolev space X^'^ whose norm is given by 



^This is at least formally correct, for the rigorous definition of gKdV as a Hamiltonian system 
with Poisson structure J = ^ on the Sobolev space ^ (T) (mean-zero functions) equipped with 
a compatible symplectic form, see [IB] . 
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He used a fixed point argument to prove local well-posedness (LWP) of KdV ( fll.21) 
with p = 2) in L^(T), and automatically obtained global well-posedness (GWP) by 
conservation of the L^(T)-norm. 

The study of well-posedness for the periodic quartic gKdV f ll.ip was also initiated 
in [1]; a fixed point argument was used to establish LWP in H'{T), for s > |. This 
was improved to LWP in if*(T) for s > 1 by Staffilani [30], and then to s > | 
by Colliander-Keel-Staffilani-Takaoka-Tao [9]. In |9], they also proved analytic ill- 
posedness of f 1 1.1 1) below H2(T). That is, the data-to-solution map for fll.ip is not 
analytic in H''^{T) for s < |. In fact, it is not (see also |2j). 

Bourgain p5| rigorously proved the invariance of the Gibbs measure for KdV and 
mKdV, but to the knowledge of the author, this problem remains open for (11. 2p 
with p = 4 and p = 5. For KdV and mKdV, he used a deterministic fixed point 
argument to establish well-posedness in the support of the Gibbs measure. Recall 
that the evolution of KdV is well-defined for all uq G L^(T) [Ij, so it is certainly well- 
defined in H2~(T) (globally- in-time) . For mKdV, he proved LWP below H2(T) (in 
a modified Besov-type space), but he could not use conservation of the L^(T)-norm 
to extend solutions globally-in-time. 

The main new idea implemented in [3J was to use the invariance of the Gibbs 
measure under the fiow of the finite-dimensional system of ODEs obtained by the 
projecting m KdVl to the first N > modes of the trigonometric basis (and an 
approximation argument) as a substitute for a conservation law, extending the local 
solutions of mKdV to global solutions (almost surely in the support of the Gibbs 
measure), and subsequently proving the invariance of the (infinite-dimensional) Gibbs 
measure /i under the fiow. In this way, Bourgain showed that an invariant Gibbs 
for a Hamiltonian PDE provides two benefits: (i) dynamical information about the 
flow (for example, an evolutionary PDE equipped with an invariant measure can 
be regarded as an infinite-dimensional dynamical system, and it follows from the 
Poincare recurrence theorem that almost all points of the phase space are stable 
according to Poisson) and (ii) a tool for extending local solutions to global solutions 
at low regularities in space (in the support of the Gibbs measure). 

We are interested in proving the invariance of the Gibbs measure under the fiow 
of fll.ip . Following the strategy developed in [3], the crucial ingredient is local well- 
posedness (and good approximation to the finite-dimensional ODEs) in the support 
of the Gibbs measure. Unfortunately, the C^-failure of the data-to-solution map 
below H2 (T) [9] indicates that one cannot use the contraction mapping principle to 
establish LWP of fll.ip in H'^(T) for s < |, as this necessitates analyticity of the 
data-to-solution map. However, to establish local-in-time dynamics for fll.ip in the 
support of the Gibbs measure, it suffices to prove something weaker: that fll.ip is 



In j3j, Bourgain also proved the invariance of the Gibbs measure for periodic nonhnear 
Schrodinger equations, but we will focus on (|1.2p in this discussion. 
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locally well-posed almost surely with randomized initial data given by 

(1.5) UoA^)= E '-^e-, 

^-^ \n\ 

nez\{o} ' ' 

where {gn}'^=i is a sequence of complex-valued Gaussian random variables of mean 
and variance 1 on a probability space (fi, J-", P), and g^n = dn (in order for uo,i^ to be 
real- valued) . The expression (11. 5p represents a typical element in the support of the 
Gaussian part of the Gibbs measure, also known as the Wiener measure (see (11.91) 
below) . 

The analysis of well-posedness for (II. ip is simplified by a gauge transformation. 
This transformation preserves the initial data, and it is invertible. A function u 
satisfies (II. ip if and only if its gauge transformation v := G{u) (see (I1.17P below) 
satisfies 

dtv + dlv = \F{v^)d^v, X eT,teR, 
v{x, 0) = uo{x), 



(1.6) 



where P(m) = ~ ^ jj "udx is the projection to functions with mean zero. The 
analysis of well-posedness for (II. 6p is simpler than for (II. ip . but the data-to-solution 
map still fails to be below H^{T) |9]. 

To properly state our results, we need one more definition. Let $^(t) denote the 
flow map of the finite-dimensional system of ODEs obtained by projecting (11.60 to 
the first iV > modes of the trigonometric basis: 

dtu^ + dlu^ = FN(F{{u^f)d^u^), xeT,tER, 
u^{x,0) = Fn{uo{x)), uq mean zero. 



:i.7) 



Here Ptv denotes Dirichlet projection to En = span{sin(na;), cos(na;) : 1 < n < N}. 

In this paper, we exhibit nonlinear smoothing when the initial data are randomized 
(according to (II. 5p ). and use this to prove that (11.61) is locally well-posed almost surely 
in H2'(T). Indeed, the first theorem we obtain is almost sure local well-posedness 
of (ll.6p with initial data given by (II. 5p . and a good approximation to the dynamics 
of (ll.7p . In the statement below, S{t) := e**'^^ is the evolution operator for the linear 
part of gKdV. 

Theorem 1 (Almost sure local well-posedness). The gauge-transformed periodic 
quartic gKdV (11.60 is locally well-posed almost surely with randomized data Mo,aj 
(given by (II. 5p ). More precisely, for all < 6i < 6, with 6 sufficiently small, there 
exists < f3 < 6 — 6i, and c > such that for each < T ^ 1, there is a set Qt G J-" 
with the following properties: 

(i) The complemental measure of Qt is small. More precisely, we have 

where p is the Wiener measure (see (II. 9p below), and the initial data (given by 
(II. 5p ) is viewed as a map uq : Vl iJ^/^^(T). 
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(ii) For each u G Qt there exists a solution u to (11. 6p with data uq^^ satisfying 

«G5(t)no,. + C([0,T];ifi/2+^(T)) cC([0,T];ifi/2-(T)). 
(Hi) This solution is unique in {S{t)uQ^uj + Bk}, for some K > 0, where Bk denotes 

-+5 -—S 

a ball of radius K in the space 

(iv) The solution u depends continuously on the initial data, in the sense that, for 
each oj G VLt, the solution map 

^ ■■ {u.,. + {II ■ 11^^.. < R}] ^ {S{t)u,,^ + {II ■ ll^([0,T];H^-) ^ 

is well-defined and Lipschitz, for some fixed R,R^ 1. 

(v) The solution u is well- approximated by the solution of i \1.7\\ . More precisely, 

(1.8) \\u - Sit)uo,^ - (<|.^(t) - 5(t))P^«o,J|^(jo^^j^^^+.,) < N-^. 

For the definition of tlie X^^ space, see Section |2] below. 

Following the method developed in |3] , we use the invariance of finite-dimensional 
Gibbs measures under the flow of (I1.7P and an approximation argument, to extend 
the local solutions of (II. 6p (obtained from Theorem [1]) to global solutions, almost 
surely, and to prove the invariance of the Gibbs measure under the flow. 

Theorem 2 (Invariance of the Gibbs measure). The gauge-transformed periodic quar- 
tic gKdV (II. 6p is globally well-posed almost surely with randomized data Uq^^^ (given 
by (II. 5p ). More precisely, for ^2 > sufficiently small, it holds that given any T > 0, 
for almost every u E Q, there is a (unique) solution u to (ll.6p with data uo,uj (given 
by (II. 5p ) satisfying 

u G S(t)Mo,. + C([0, T]; i/^/2+5^(T)) C C([0, T]-H^'''-{T)). 

Furthermore, the Gibbs measure fj, (given by (I1.12p below) is invariant under the flow. 

By inverting the Gauge transformation, we obtain the following corollary. 

Corollary 1 (Almost sure global well-posedness) . The periodic quartic gKdV (II. ip 
is globally well-posed almost surely in H^^'^^iT). More precisely, given any T > 0, for 
almost every u E Vt, there exists a solution u to (II. ip for t G [0, T] with randomized 
data uq^uj (given by (II. 5p ). 

Remark 1. In terms of global theory, GWP of (II. ip in H'^(T) for s > | was established 
in [9j using the /-method. This is mentioned to emphasize that, to the knowledge of 
the author. Corollary [T] is the first result to provide global-in-time solutions to (11.11) 
below H6(T). We further note that these solutions evolve from data at a spatial 
regularity where even local theory is unavailable at present (below i/2(T)). 

Remark 2. The solution of (II. 6p produced by Theorem ([2]) is unique in a mild sense 
only. For the technical statement, see Remark [S] in Section |3 For the solution of 
(II. ip produced by Corollary [H we have an existence result only. 
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Remark 3. By composing with a modified and time-dependent gauge transformation 
^ = ^t, we can obtain a time-dependent measure ut := no Qt, supported on if^(T) 
for s < |, which (due to Theorem [2]) satisfies \l/(t)*z/j = /i for each t > 0, where \l/(t) 
is the evolution operator for (11. ip (well-defined in the support of the Gibbs measure 
by Corollary [1]) . This leads to a natural question for future investigation: how is the 
time- dependent measure ft = jJ^ o Qt related to the Gibbs measure /i? Do we in fact 
have invariance of the Gibbs measure for the ungauged quartic gKdV (II. ip ? This 
type of issue was recently explored for the periodic derivative NLS |22] . 

For the remainder of the introduction we provide more background on this problem, 
then outline the methods involved and the challenges confronted in the proofs of 
Theorem [T] and Theorem [2J 

1.1. Background. Lebowitz-Rose-Speer [18] initiated the study of invariant Gibbs 
measures for Hamiltonian PDEs. They constructed the Gibbs measure as a weighted 
Wiener measure. Recall that the Wiener measur^, p, is the probability measure 
supported on ns<i H^{T) with density 

(1.9) dp = Zo'^e"^/"^'^'^ Y[ du{x), u mean zero. 

This is a purely formal expression, but it provides intuition. We can in fact define p 
as the weak limit of a sequence of finite-dimensional Wiener measures p^- Each p^r 
is the probability measure on (the space of Fourier coefficients) with density 

(1.10) rfpjv = ^^^e-5Eo<"<^l"l'l^"l' W dUn, , 

0<n<N 

pushed forward to En = span{sin(?2x), cos(nx) : < |n| < A^} by the map 

(1.11) {Un}o<n<N^ > ^ UnC'"''' , with M_„ = M„, 

0<|n|<Af 

and then by extension to f]g^i if*(T). In the expressions (11.90 and (11.100 . Zq and 
Zn are normalizing constants, and no<n<Ar denotes the Lebesgue measure on 
C^. We can interpret pn and p as the probability measures on f]g^i H'''{T) induced 

by the maps u ^ Eo<|n|<7v and u ^ E„ez\o respectively, where {gn}n=i 
is a sequence of complex- valued Gaussian random variables of mean and variance 
1 on a probability space {Q, T , P), and g_n = '9n- 



This is the mean zero Wiener measure, but we restrict attention to measures, data, and solutions 
with spatial mean zero throughout this paper, and will often omit the pre- fix "mean zero" . 
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In [18], it was shown that the Gibbs measur^, given by 
(1.12) ■.= X{M,<B}e-^^-''''"''''dp, 

is a measure (for p < 5 only, and with restrictions on B for p = 5) that is absolutely 
continuous with respect to the Wiener measure p. That is, Lebowitz-Rose-Speer 
provided a definition for the Gibbs measure p for (11.21) . 

Let us briefly explain why Hamiltonian structure (e.g. the reformulation (11. 3p 
of ( 11. ip ) provokes the question of Gibbs measure invariance. Consider the finite- 
dimensional Hamiltonian system given by 

.^^3. r a,«^ + aM = Piv(i5.((w^)^')), xeT,teM, 

\ {0, x) = ¥n{uo{x)), Mo mean zero. 

where Fn denotes Dirichlet projection to En. The flow of (ll.lSp leaves the following 
quantities invariant: 

(i) The Hamiltonian H{u^). 

(ii) The L^-norm ||u^|U2 = (Eo<|n|<Jv l^nH^- 

(iii) The Lebesgue measure ]n^o<n<Ar on pushed forward to Ejy by the map 
(II. lip (by Liouville's Theorem). 

The system (I1.13P therefore preserves the finite-dimensional Gibbs measure p^, de- 
fined as the push-forward to of the measure on with density 

(1.14) rf^^ = ^X{Eo<i„i<ivl«nP<B}e"''^^»<i"'^^""'""'^ n withM_„=^. 

^ 0<n<N 

Taking — )■ 00, comparing (II. 9p . (I1.12p and (I1.14p . we can interpret the Gibbs 
measure p as the limit of the truncated Gibbs measures fiN (for a rigorous formulation 
of these convergence results, see Section |5]). By comparison with finite-dimensions, 
the Gibbs measure (I1.12p is formally invariant under the flow of (II. ip . 

1.2. Nonlinear smoothing for the second iteration. As discussed above, we can 
construct the Gibbs measure for the quartic gKdV (II. ip as in [TSl E]- However, the 
Gibbs measure is supported below H2(T), and local well-posedness of the quartic 
gKdV (both gauged and ungauged) cannot be established in H^(T) for s < | by 
applying the contraction principle to an equivalent integral equation; the data-to- 
solution map is not [9]. 



The Gibbs measure was constructed for NLS in [18] , but the same method apphes to gKdV, see 
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The same issue was confronted by Bourgain in [1] . He considered the Wick-ordered 
cubic NLS on with randomized data given by 



;i.l5) Uo,M = fTT 



9n\^) in-x 



\n 



2 



where {f^nlnez^ is a collection of complex- valued independent and identically dis- 
tributed Gaussian random variables of mean and variance 1 on a probability 
space {Q,J^,F). The data fll.lSp represents a typical element in the support of 
the 2-dimensional Wiener measure (the Gaussian part of the Gibbs measure for 2- 
dimensional Wick-ordered cubic NLS). 

Bourgain quantified the nonlinear smoothing effect by proving that, with high 
probability, the nonlinear part of the solution to the Wick-ordered cubic NLS lies 
in a smoother space - C([0, T]; if'*(T^)) for some s > - than the linear evolution 
of the randomized data, which, in contrast, almost surely stays below L^(T^) for all 
time. More precisely, for all T > sufficiently small, he constructed a set Qt C Q 
corresponding to "good" randomized data uq^u}, such that Qt is exponentially likely as 
a function of T J, 0, and such that for each u G Qt, he could prove local existence and 
uniqueness of the solution to the Wick-ordered cubic NLS with data uq^uj for t e [0, T] 

by performing a contraction argument in the space {e**^Mo,aj + B}, where B is a. ball 

g 1 

in Zrj^^ C C([0, T]; if'*(T^)) for some s > (for the definition of the function space 

Zj.'^, consult section |2]). By taking an appropriate union over sets of this type (with 
T J, 0), he obtained local well-posedness almost surely for the Wick-ordered cubic 
NLS below L^(T^). For other works that have used nonlinear smoothing to establish 
local dynamics in the support of measures on phase space, see (for example) Burq- 
Tzvetkov [SliniE], Oh [2S], CoUiander-Oh p[^, and Nahmod-Pavlovic-Staffilani fH]. 

For f lL6l) . we consider randomized initial data of the form (11. 5p . We could not 
follow the method of [1] directly, and perform a contraction argument for (11. 6p (with 
exponential likelihood) in {S{t)uo^cu + -Bi?,}, where Bpt is a ball of radius R in the 

Banach space Zrp^ . In particular, we found that the square of the Zj,'^-norm of the 
first Picard iterate for (I1.6P has infinite expectation. This is due to the temporal 

regularity 6 = | of the Z^'^ space. 

To avoid this obstruction, we establish estimates on the nonlinear part of the 
Duhamel formulation for the gauge-transformed quartic gKdV (II. 6p in X^^, with 
s > ^ and b < ^. Unfortunately, with b < |, we cannot perform (with exponential 
likelihood) a contraction argument for ( 11. 6p in {S{t)uQ^aj + B^}, where Bji is a ball 
of radius R in the Banach space X^^. Indeed, by taking & < |, there are regions 
of frequency space which (produce contributions that) make the nonlinear estimates 
required for a contraction argument impossible. 

This is resolved by establishing a priori estimates on the second iteration of the 
Duhamel formulation of (II. 6p . More precisely, the local- in-time solution u to (11.60 

will be constructed as the limit in X^ ^"^ ^ (with < 5 ^ 1) of a sequence of smooth 
solutions evolving from frequency truncated data u^^ = IPAr(Mo,aj)- Each will 
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satisfy the Duhamel formulation 



:i.l6) u^{t) = S{t)u^^ + S{t- s)A/'(u^(s))ds 







where J\f{u) = Ux (^u^ ~ ^ Ij u^dx^ is the gauge-transformed nonhnearity. We will 



estimate IIm 11 — m 11 in order to estabhsh convergence to a 

solution M as — )■ oo. Moreover, we will establish convergence of the nonlinear part 

-+5 -—5 

of the smooth solutions in (notice the increase in spatial regularity from 

I — (5 to I + 5 due to nonlinear smoothing). During the nonlinear estimates, in the 
troublesome regions of frequency space (created by taking 6 < i) we will substitute 
fll.l6p into an appropriately chosen factor of the nonhnearity. 

This will resolve the technical obstruction (due to b < |), but by considering a 
second iteration of fll.l6p into just one of the factors, the multilinearity in our analysis 
expands from quartic to heptic. Indeed, we will establish probabilistic heptilinear 
estimates on the second iteration of fll.l6p . This is the trade-off involved in proving 
estimates on the second iteration with 6 < |: we can take b < ^ at the cost of 
conducting a higher order multilinear analysis. 

This approach (using & < | and the second iteration) was pioneered by Bourgain 
[2] in the analysis of KdV with measures as initial data. The argument was adapted 
to the setting of randomized initial data by Oh [26], who proved invariance of the 
white noise measure for the periodic KdV (see also [2H])- Our approach is similar, 
but we consider the quartic gKdV and the Gibbs measure (as opposed to the KdV 
and white noise). 

The primary source of difficulty for well-posedness of quartic gKdV (including the 
C^-failure in [9]) is the existence of distinct frequencies n, rii, ■ ■ ■ , 724 G Z, such that 
n = ni + ■ ■ ■ + 714, 1^1 ~ I'^il ~ 3> 0, but such that — nf — ■ ■ ■ — nl\ <^ 
N"^. This does not occur for KdV and mKdV, which have dispersion relations with 
cubic factorizations, and it makes the nonlinear analysis for quartic gKdV more 
labor intensive. Indeed, the regions of frequency space where these conditions are 
satisfied required us to use & < | (and thus to consider a second iteration of f ll.l6p ). 
Furthermore, it is in these regions of frequency space where our nonlinear estimates 
will rely most heavily on certain probabilistic lemmata (specifically involving hyper- 
contractivity properties of the Ornstein-Uhlenbeck semigroup, see Lemmas I6.m6.2l in 
section [O]) and estimates involving a matrix norm (see Lemma [6. 4p . 

1.3. Global-in-time solutions. To establish Theorem [2l we follow the scheme of 
[3]. Using the invariance of the (finite-dimensional) Gibbs measure under the fiow of 
the system (11. 7p . we extend the local solutions of (11. 6p (from Theorem [1]) to global 
solutions, almost surely, and prove the invariance of the Gibbs measure under the 
fiow. 

To show that the system (11. 7p preserves the (finite-dimensional) Gibbs measure 
(I1.14p . we need to prove that the L^-norm of m^, the Hamiltonian H{u^) and the 
Lebesgue measure on phase space are all invariant under the fiow. The invariance of 
the Lebesgue measure is trivial (by Liousville's Theorem) for a Hamiltonian system. 
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but the Hamiltonian formulation of (11.11) is disrupted by the gauge transformation 
(and the same is true in finite dimensions). Instead, we will verify the invariance of 
the Lebesgue measure under the flow of (11.71) directly (see Proposition 15.21 in section 
[5]). In particular, we will write (II. 7p as a system of ODEs in the space of Fourier 
coefficients, and verify that this system is driven by a divergence-free vector field. 

1.4. The gauge transformation. Following the standard reductions of [30], [9], we 
apply the gauge transformation 



(1.17) v{x,t) = g{u{x,t)) := uyx - yj J u^{x',t')dx'dt' 
This transformation preserves the initial data Uq. Also, it is invertible 

(1.18) u{x,t) = g-\v{x,t)) = v(x+( [ [ v^{x',t')dx'dt'\t 



Jt 



Note that ffTTSD is well-defined for v E X^/^-.i/a- ^-j^g embedding ^ ^3^^_ 

Then u solves (11.11) if and only if v solves (II. 6p . Since v^v^ = d^iv'^) and both 
have mean zero, so does F{v'^)vx- We can rewrite (11.61) as 



r dtv + dlv = F{F{v^)v,), t>0,xeT 
^ ' 1^ v{x, 0) = uo{x). 



In addition, note that since Jjv'^Vx = | Jj{v^)x = 0, and J^vv^ = \ jr^iy'^)^ = 0, 
we can subtract 3P(f ) v'^v^ + 3P(f ^) vv^ from the right hand side of (ll.lQp . with 
no effect, and rewrite (ll.6p as 

(1 20) I ^'"^ ^ ^'"^ " rmv^)vx) - 3¥{v) vhx - 3¥{v^) vv^, t G M, x G T 
^ ' ^ t)(x, 0) = uo{x). 

The reformulation (ll.20p of (II. 6p will be needed during the proof of crucial nonlinear 
estimates. The equations (II. ip and (II. 6p leave the same Hamiltonian 

(1.21) H{u) = ^J uldx + u'dx = vldx + v'dx =: H{v), 

invariant under the fiow. 

The remainder of this paper is organized as follows. In Section [2] we present the 
basic linear estimates related to the propagator S{t) := e~'^^* of the linear part of 
gKdV. In Section [3] we present the nonlinear estimates to be used in the proof of 
local well-posedness (Theorem [1]). In Section H] we will prove Theorem [H Section 
[5] contains the proof of Theorem O It is divided into parts: 5.1 construction of 
the Gibbs measure, 5.2. invariance of the Gibbs measure for the projection of (ll.6p 
to the first > modes of the trigonometric system, 5.3. global well-posedness 
(almost surely) for (II. 6p . and 5.4. invariance of the Gibbs measure for (II. 6p . Section 
[6] is devoted to the proof of the crucial nonlinear estimates. The proofs of various 
lemmata that will be used throughout this paper, as well as an expanded discussion 
of the nonlinear smoothing effect, can be found in the Ph.D. thesis of the author [29j . 
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2. Linear estimates 

In P, Bourgain introduced a weighted space-time Sobolev space X^'^ whose norm 
is given by 

\\u\\xs,b = \\{ny{T - n^)^u{n,T)\\i2^L2. 

Since the X*'^ norm fails to control L'^H^ norm, a smaller space Z'^'^^J x R) was 
also introduced, whose norm is given by 

(2-1) ||m|U=.6(TxR) := llMllx-.fcCTxR) + 

where ( ■ ) = 1 + | ■ | and ||u||ys,o(TxR) = \\{nY {r - n^Yu{n,T)\\i2^Li(^'^y^^y One also 
defines the local- in-time version Z^^ on T x [0,T], by 

\\u\\^s,b = inf {||M||^.,i,(TrxR) : w|[o,t] = u}. 

The local-in-time versions of other function spaces are defined analogously. 

In this section we present the basic linear estimates related to gKdV. Let S(t) := 
e~^^* and T < 1 in the following. We first state the homogeneous and nonhomoge- 
neous linear estimates. See [H [13] for details. 

Lemma 2.1. For any s G M and b < ^, we have \\S{t)uQ\\^s,b < T^^^H-Uoll//^' . 

Lemma 2.2. For any s,6 G M, we have \\'r]T{t)S{t)uo\\x'>,b < C(T) H-uoHi^s . 
Lemma 2.3. For any s G M and b < ^, we have 

[ S{t~t')F{x,t')dt' 
Jo 

Also, we have \\ S{t — t')F(x,t')dt'\\^s,b < for b > \. 

We will also require the following Lemma concerning the X^^ spaces, which allows 
us to gain a small power of T by raising the temporal exponent b. 

Lemma 2.4. Let Q <b < \, s e^, then 

II HXj, ~ II ll^=>2 



The proof of Lemma [2.41 can be found in [IQJ; it is based on the following property 
of the X^ spaces, which will be exploited throughout this paper. For any & < |, 
letting X[o,r] denote the characteristic function of the interval [0,T], we have 

(2.2) WAx'/ ~ \\XYd,T]u\\x->b. 

Most of our probabilistic lemmata will not be needed until the appendix, where 
we will prove the crucial nonlinear estimates. The proof of Theorem [1] will, however, 
make use of the following lemma regarding large deviations. 
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Lemma 2.5. Fix 7 > 0, then for K > Q sufficiently large, 3c > such that 

P{\\uoA\Hh-^<K)<e-'^^\ 
where Uq^^ is given by (11. 5p . 

Next we list some embeddings involving the X*'* spaces, to be used throughout 
this paper. We will use the trivial embedding 

(2.3) X''^ C X'''^' 

for s > s' , b > b' . The spatial Sobolev embedding gives 

(2.4) X^'° = C L'.Ll 

where < s < 1/2 and 2 < p < jz2^, or where s > 1/2 and 2 < p < 00. Also recall 
the energy estimate 

(2.5) x^,i/2+ (- i^H', C L^Ll 
under the same conditions on s and p. This gives 

(2.6) ^ 

Interpolating ([23]) with ([21]), for s > 1/2, we have X^/2+,i/2+ ^ ^9^r ^^jj 2 < 
q,r < 00. Interpolating this estimate with (12. 4p for s = 0, p = 2, we find 

(2.7) ^1/2-5,1/2-5 ^ ^g^r 

whenever < 5 < 1/2 and 2 < q,r < 1/6. 

Recall the following Strichartz estimates from pQ, 

(2.8) X°'V3 c Lj,, 
and 

(2.9) ^ ^6^_ 
We can interpolate (12.81) with (12. 9p to obtain 

(2.10) c LI,, 

whenever 4 < g < 6 and a < 2(i — |). 

Lastly we recall the following embeddings for the Y^'^ space: for s G M, we have 

(2.11) Xf'^ C Y^'^ C C([0, T]; H'{T)). 
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3. Nonlinear estimates 

In this section we will formulate and state two key propositions (see Proposition 
13.11 and Proposition 13.21 below). These propositions provide multilinear estimates to 
be used in the proof of local well-posedness (Theorem [T]). The proof of Theorem 
[1] can be found in the next section (Section H]). The proofs of Proposition 13.11 and 
Proposition 13.21 can be found in Section |6l 

We begin with an outline of the role of Proposition 13.11 and Proposition 13.21 in the 
proof of almost sure local well-posedness (Theorem [1]). In the proof of Theorem [H 
the local solution u to ( 11. 6p will be constructed as the limit of a sequence of solutions 
which evolve from frequency truncated initial data. This sequence will converge 
in the space X^'* of functions of space-time (for certain values of s, 6 e M) for T > 
sufficiently small, and this convergence will follow from a priori estimates satisfied 
by solutions to (11. 6p (see fl4.2p -( Hl3|) in section H]). Proposition 13.11 and Proposition 
13.21 provide multilinear estimates in X^'* which are designed to produce the a priori 
estimates (I4.2p - fl4.3p . That is, the sequence of solutions will be inserted into the 
multilinear estimates of Propositions 13.11 and 13.21 (in various ways) during the proof 
of Theorem [1] to establish the a priori estimates fl4.2p - fl4.3p . 

Let us explicitly formulate the multilinear functions which appear in Proposition 
13. H and Proposition 13.21 In this paper, we solve the integral formulation of (11. 6p with 
data uq^cu (given by ( II. 5p ). 

(3.1) u = S{t)uo^^ + V{u). 

Here T>{u) := V{u,u,u,u), where, using the nonlinearity in (ll.2Up . 

Jo 

with 

(Af{ui, U2, M3, M4) j (n, t) = ^(mi)Mi(ni, t)M2(n2, t)u'i{n^, t)ui{ni, t), 

C(n) 

where C,{n) is the set of frequencies satisfying certain restrictions (dictated by the 
nonlinearity of (11.201) ). The definition of C(n) is slightly cumbersome, and we avoid 
it here. See Section [Q] for details. 

Taking the Fourier transform in time, we have 

(3.2) {N'{ui,U2,U'i,Ui)\ in,T) = '^ (mi)Mi(ni,ri) ■ ■ ■M4(n4,r4). 

C(n) Jr=T-,+-+T4 

Consider the domain A of frequency space given by 

A := {{n,ni, . . . , n4, r, ri, . . . , T4) G x : {ni,n2, ris, n^) G C(^), r = ri H hn} 

depending on the relative sizes of the dispersive weights a := t — , au := Tk — nl, 
and the spatial frequencies n, Uk, for k = 1,...,4. Specifically, letting |cTmax| : = 
max(|(T|, |(Ti|, |(J2|, |o"3|, \a^\) and |nmax| := max(|n|, |ni|, \n2\, jnsl, |n4|), we express 
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A = v4_i U v4o U ■ • • U by letting 

A_i := An {|0-max| < l^maxl^}, 

(3.3) /lo :=^n{|a| > In^axl'}, 

Ak:= An {IcTfcl > |nmaxP}, 

for k = 1,2,3,4. We will use A/^ (ui, M2, M3, U4) (T'j(mi, M2, M3, M4)) to denote the 
contribution to Af{ui, U2, M3, M4) (^^(^^1, U2, U3, M4)) coming from Aj. 

The partition of type (13. 3p is standard; see for example [2] in the context of KdV. 
However, in the analysis of KdV, the region A_i has no analogue. Indeed, due to 
the quadratic nonlinearity in KdV, we have the convolution restriction n = rii + n2 
in frequency space, and this leads to the factorization — nf — nl = 3nnin2. Then 
using T = Ti + T2, with cr, cti and a2 defined as above, we have for 7^ n 7^ ni 7^ 
that 

(3.4) max(|cT|, |cri|, \a2\) > W - c^i - (^2] = - nf - nl\ = jnninal > l^maxp. 

By (13. 4 p the configuration max(|(T|, \ai\, \(T2\) ^ l^maxP is impossible, and the domain 
of integration in frequency space can be partitioned into regions of the type Aq, Ai 
and A2. A similar factorization takes place in the analysis of mKdV (with cubic 
nonlinearity), and the region A_i is not included, see for example |31j . 

In the analysis of (II. 6p (with quartic nonlinearity), there are nontrivial contri- 
butions from the region A_i; indeed, there are combinations of distinct non-zero 
frequencies n, rii, . . . , 77,4 G Z such that \n\ ~ |ni| ~ A^, with ^ large, but such 
that — nf — ■ ■ ■ — <^ N'^ . In fact, the sequence of initial data which produces 
C^-failure of the data-to-solution map for (II. 6p (when posed in if*(T) for s < |, see 
p]) is concentrated on frequency combinations of precisely this type. We are forced 
to include A_i in our analysis of (II. 6p . and we proceed with the knowledge that this 
region is responsible for the failure of the deterministic fixed point method below 

With the failure of deterministic methods in the region the multilinear es- 
timates we establish in this region will use a probabilistic analysis: these estimates 
will rely on nonlinear smoothing induced by initial data randomization and disper- 
sion. That is, in Proposition 13.11 below, we will establish probabilistic quadrilinear 
estimates on T>_i{ui, . . . , M4); estimates which involve the randomized data and non- 
linear smoothing. We will also need to use a probabilistic analysis (although it will 
be somewhat simpler) for estimates in the regions Ai. In contrast, our estimates in 
the regions ^0,^2, A3 and A4, will be purely deterministic. 

In order to describe the estimates in Aq, . . . ,A4^ in more detail, let us digress to 
discuss the temporal regularity of the X*'* spaces used in our analysis. Recall from 
the introduction that (in the proof of Theorem [T]) we will study the convergence 
of a sequence of smooth solutions (evolving from frequency truncated data) in 
j^s,b some s,b < |. In fact, we will take s = 6 = | — 5, for some < 6 1. 
The choice of temporal regularity 6=| — 5<|is helpful (analytically) for the 
nonlinear estimates in some regions of frequency space, but it is cumbersome in 
others. For example, in the region Aq, the choice of 6 < | is beneficial, and we 
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will establish deterministic quadrilinear estimates on Vq{ui, . . . , U4) (see Proposition 
13.21 below). However, when estimating Vi{u), i = 1,2,3,4, the selection of 6 < | 
backfires, and the analysis becomes more challenging. In these troublesome regions 
{Ai, . . . , A4) we consider a second iteration of (13. ip : we replace (in the appropri- 
ately chosen factor) with the right-hand side of (13.11) . More precisely, when estimating 
Afi{u^) = Afi{u^, u^, u^,u^),i = l,..., 4, we will substitute into the i*^ factor 
of u^; the linear part of the solution makes no contribution in this region, and this 
factor is replaced by ~ V{u'^) = V{u^ ,u'^ ,u^). This substitution resolves 
the difficulty created by taking & < |, but what started as a quadrilinear estimate 
(for example, of Pi(m^) = Vi{u^ , m^, u^, u^) in Ai) becomes a heptilinear estimate 
(of Vi(V{u^ , u^ , u^ , u^) , u^ , u^ , u^)) . Furthermore, we will still depend on proba- 
bilistic methods (that is, on nonlinear smoothing) in the region Ai. For these reasons, 
we will establish probabilistic heptilinear estimates on ViiV^u^, uq, Uj, Ug) , U2, U3, U4) 
(see Proposition 13.11 below). In the regions ^2,^3,^4, we can proceed with de- 
terministic estimates. That is, we establish deterministic heptilinear estimates on 
V2{ui, T>{u^, uq, Uf, Us), U3, M4) (and the analogous expressions for V3 and 1^4). 

We proceed to state the multilinear estimates to be used in the proof of Theorem 
[TJ The probabilistic nonlinear estimates in A_i and Ai are grouped into the following 
proposition. 

Proposition 3.1 (Probabilistic nonlinear estimates). For 6 > sufficiently small, 
any Sq > such that 6 > 60, and any < T ^ 1, there exists e,(3,c,C > with 

c 

/3,e <ti S, 60 and a measurable set Qt C Q satisfying P(f2y) < e tP and the following 
conditions: if u & VLt, then for every quadruple of Fourier multipliers Ai,...,A4 
defined by 



(3.5) < + \W^\l^-8-8,l-8,T+\\Ui - 5(t)A,(«o,.)||i+.-,,,i-5,T), 



for all quadruples {5i, ^2, ^3, ^4) e {{5q, 0, 0, 0), (0, 5^, 0, 0), (0, 0, 5o, 0), (0, 0, 0, Sq)}. We 



^ifijl) = XN,<\n\<Mj{n), 



for some dyadic Ni, Mi, we have the following estimate 



V^l{ui, U2, Us, M4) II i+S-5o,^+5,T 



4 



also have 




+ - 5(t)Ai(no,c.)|| i+5_55,i_5,t) 



8 



(3.6) 



i=2,j^5 
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8 

(3-7) ■ n \\^jh-s~s,i-s,T), 

for all septuples ^2, ^3, ^4, ^5, ^6, (^7) e {((5o, 0, 0, 0, 0, 0, 0), . . . , (0, 0, 0, 0, 0, 0, (5o)}. 

The estimates of Proposition l3.1l are based on the nonhnear smoothing due to initial 
data randomization. However, in some regions (e.g. Aq), the choice of6=| — 
allows us to establish deterministic estimates. 

Proposition 3.2 (Deterministic nonlinear estimates). For S > sufficiently small, 
any 6q > such that 6 > 6q, and any T > 0, there exists 6,C > such that 

4 

(3.8) \\Vo{ui,U2,U3,U4)\\i+S-5o,^^~5,T < CT^ YllM ^-5-5, l-5,T^ 



(3.9) ||-A/'o(mi,M2,M3,M4)||^i+^-^o.-i < CT^ Y[\\Uj\\ i_s_s, ,^~s,t, 



(3.10) ||r'l(Ml,M2,M3,M4)||i+5_5o,i+5,T < ^^^^ 11^1 1| i i +5 ""^^ " - 



J=2 



and 



(3.11) p2(Ml,M2,M3,M4)||i_5o,i+5,T < CT^\\u2\\i-S-52,l+sY[\\Uj\\^-S-S,l-5,T, 

for all quadruples {5i, 82, 63, 5^) G {(5o, 0, 0, 0), (0, Sq, 0, 0), (0, 0, 5o, 0), (0, 0, 0, 5o)}. We 
also have 

8 

(3.12) \\V2{ui,V{u5,Ue,U7,Us),U3,U4)\\i+i_So^^+S,T < CT^Yl\\Uj\\i_S-5„^-5,T^ 



and 



(3.13) \\V2{Ul,Vo{u5,U6,U^,U8),U3,U4)\\l_^_s_s^^l+S,T < CT^ JJ 



for all heptuples (Si, 82, 63, 5^, 65, 5e, 67) E {(5o, 0, 0, 0, 0, 0, 0), ... , (0, 0, 0, 0, 0, 0, 5o)}. 

Remark 4. Observe that the function ©(ui, M2, M3, M4) is symmetric with respect to 
its last three slots. It follows that inequalities analogous to ( I3.1ip -( 1XT5]1 for V3 and 
V4 also hold. 
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Remark 5. The estimate fl3.8p will be used during the proof of Theorem [T] to establish 
the existence of a (local-in-time) solution to f ll.6p (with data given by (11. Sp ). while 
the estimate (13. 9p is needed to prove that (almost surely) the nonlinear part of this 
solution is continuous in time with values in a Sobolev space of higher regularity than 
the data (condition (ii) in the statement of Theorem [1]). The y*'^-space estimate (13.90 
is required for the region Ao, but it is not required elsewhere (ie. in the regions A_i 
and Ai, . . . , A4). This is due to the difference in temporal regularity (of the norms 
appearing) on the left-hand sides of f l33|) -f l312|) (6=1 + 5) and (jM]) (6 = | - 5). 
Indeed, by using nonlinear estimates with 6 = | + 5 > | (as in (l3.5p -( l3T2l) ). and 
combining Lemma [2.31 with the embedding (12. lip , the corresponding contribution to 
(the nonlinear part of) the solution is automatically continuous in time. However, 
using estimates on the nonlinearity with b = ^ — S < ^ (as in (13. Sp ). we must 
establish continuity with a separate argument, and this is where the estimate (13.90 
will be needed. 

Remark 6. There is one region of frequency space, produced by using the second 
iteration, which appears lethal, at first glance, to our nonlinear analysis. Luckily 
there is a cancelation in this region which allows us to prove the estimates we require. 
A technicality emerges, due to this cancelation, that needs to be addressed in this 
section. In Proposition (13. ip we establish multilinear estimates on Vi with different 
input functions M2, M3, . . . , Ms, but the cancelation that we need to invoke in the 
troublesome region of frequency space requires that all input functions are the same. 

This is not problematic, however, as we only need multilinear estimates with dif- 
ferent input functions in order to bound the difference of two expressions, each given 
by "Di, . . . , 1^4 evaluated with all input functions the same; that is, we bound this dif- 
ference using multilinearity of the functions Di, . . . , D4 and a telescoping series (see 
(I4.17p - p.2ip in the proof of Theorem [1]). To incorporate the cancelation with different 
input functions, we simply define Vi{V{u5, uq, uj, ms), M2, ^3, ua) with the cancelation 
imposed in the troublesome region. In other words, when we use multilinearity and 
a telescoping series to control these differences, we add and subtract terms with the 
cancelation built in. For a more precise discussion of this cancelation (and the proper 
definition of the multilinear functions appearing in Proposition 13 . 1 1 above) see the dis- 
cussion on heptilinear estimates that precedes the proof of Proposition 16. 2^ found in 
Section [61 

We postpone the proofs of Proposition 13.11 and Proposition 13.21 to Section [HI 

4. Local well-posedness 

In this section we present the proof of Theorem [H The key inputs for this proof 
are Proposition 13. II and Proposition 13.21 (presented in the last section). 

Proof of Theorem [II' We will construct the local solution to (II. 6p as the limit of a 
sequence of solutions which evolve from frequency truncated data. Consider 
initial data of the form 



18 



GEORDIE RICHARDS 



where Mo,a; is given by (11 .Sp . and Pat is the Dirichlet projection to 

En = span{sin(r;,a;), cos(r;,a;) : \n\ < 

. Notice that Uq^ G H'^iT) almost surely, for every s G M. By Theorem 2 in [9J, for 
each N , almost surely, there exists a unique global-in-time solution to f ll.6p with 
data Uq^^. Define = by 

(4.1) T''{v):=S{t)unx)+V{v), 



where 



'D{ui,U2,Us,U4) := / S{t - t')J\f{ui,U2,Us,U4){t')dt' 







and A/'(mi, U2, M3, M4) is defined by (I6.ip . We will use the notation A/'(m) = Af{u, u, u, u). 
T>{u) = V{u,u,u,u) and = V{u^). With these definitions, due to the reformu- 
lation (nrm of (OD, satisfies = r^(M^). 

Here is an outline of the proof of Theorem [1) we show that for 5 > sufficiently 

e 

small, 3 c, /3 > and Qt C Q with P{Q^) < e ri^ such that Vw G Qt, the sequence 



u 



N 



converges in to a solution u of (11.61) with initial data Uq^^. In particular, 

we prove that for 6,T > sufficiently small, Vo; G fix, we have the following: 3 e > 
such that for every > M > 0, 

(4.2) ll«^-«*1i-.i-.,T<M-, 



(4.3) ll^^^-^^*'l|i+.i-5,T<M 



These estimates show that and are Cauchy in ^ and X,f,~^^'^ ^, re- 

spectively. Then we show that the convergent u (of u^) is a solution to (II. 6p . and 
proceed to prove uniqueness, continuity and stability properties of this solution. 

We begin by constructing a set Qt C Q with P(^{QtY^ < e~TP such that for T > 
sufficiently small, if a; G Qt, we have 



(4.4) h^||i_5,i_,,T<i? 



(4.5) P^||i+5,i_,,r<^, 

for some constants i?, i? ~ 1 (independent of A^). Then using the estimates (14. 4p and 
(14.51) . and imposing additional constraints on T, we will show that if a; G Qt, then 
M and (USD hold true. 

By = r(M^), ( 14. ip and Lemma [2. H we find 

||n^|||_5,l-5,T < ll^(^)<J|l-5l-5,T+ P(^^)l|i-5,i-5,T 

(4.6) < Cori<J|^._, + \\Viu'')\\.^s,i-s,T- 

Observe that we have applied the trivial embedding (12.30 to the last term in (14. 6 p by 
raising the spatial regularity from s = ^ — 6tos=^ + 6. Next we use the triangle 
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inequality and Lemma 12.41 to find 

(4.7) \mu'')\\.^si-s,T + T'- Yl \\^^i^'')\\h-^^+s,T- 

We proceed to estimate each term on the right-hand side of (14. 7p using Propositions 
OandlMl Notice that by = T{u^) and (gl]) we have 

(4.8) «^-^(t)<^ = I)(«^). 

By Proposition 13.11 and Proposition 13.21 39,e, f3,c,C > with f3,e 6,6 — 6i and 
a measurable set ^2^^ c Q with P{{Qj^Y) < e~T^ such that Vw G the estimates 
(I3.5p - (l3.7p hold true. In particular, using the estimates (13. 5p and (13. 8 p (with (5o = 0, 

each Ui = , and each Aj = P^r, i = 1,2, 3, 4) we have 



P-l K ) II 1+.,1+.,T + PoK ) II 1+,^.,T 

<T%1+ ll^^ll . + ||n^ - S{t)u^h_,,.s,^y 



2 2 "'-^ 2 2 

(4.9) = T%1 + |k^|U_a_,,^ + P(t.^)|U+,,i ,,t)' 



where we have used (14.81) in the last line. When we estimate P^, for k = 1,2, 3, 4, we 
consider a second iteration of ( 14. ip in the /c*'^ factor. For example, in the region Ai 
we substitute 



(4.10) «^ = ^(t)<, + P(«^) 

into the first slot of Pi, and estimate the linear and nonlinear contributions from 
(I4.10p separately. To estimate \\Vi{S{t)uQ^,u'^ ,u'^ ,u^)\\l_^_^ we find by (I3.10p . 
^0 = 0, and Lemma [2.21 

T^-||I?i(5(tX,«^,«^,«^)||.+,,.^,,^ 



<rlr^(t)S(t)<ju_,.^,||«^||i 



2 



(4.11) <TKl|^._Jn-|||_,._,,. 

Next we estimate \\Vi(V{u'^),u'^ ,u'^ ,u'^)\\i^g^i_g^rp. Using (13. 6 p (with 6o = 0, each 
Ui = u'^ , and Ai = F^) we have 

^fJ-ll-r) ^^r„.N\ „.N „,N „,N\ 



|i_5,i_5,T+ll^^ II 1+5,1. 



(4.12) < T^(l + lk^|U_,i + P^|U+^,^-.,t)'- 



Using (13. 12p - ( 131131) we obtain estimates analogous to ( I6.102p and ( I4.12p for A; = 2, 3, 4. 
Combining these estimates with ( 14. 9 p we have 

(4.13) p^ll i+,,i_,,^ < C,T'Z{\\u^J^._„ ll^^ll p^ll i+,,i_,,^), 

for some 9 > 0, where Z{x, y, z) is a polynomial of degree 7 with positive coefficients. 
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Now, for some fixed < e < 5, C > 0, let 



neZ\{0} 



\n 



< ^ 



We have by Lemma [23] that, for T > sufficiently small, P{{QtY) < P{{Q^y) + 
Q-{K{T))'^ < e~T?. Next we will show that, iiu E ^t, then f l4.4p and (14. 5p are satisfied. 
Given i?, ^ > 0, for < a < 5 - f , < a < ^ - f , let 



T2:-- 
T ■-- 



inf |t > 
inf It > 



Ti A T2 A 



t2 

Cot" + Ciek > 



1 



2Ci 



Then T > by definition, and T is also independent of N. We claim that fl4.4p and 
gSD hold for w G Qt- 

The Xj^^"^'^ ^ norms of and are finite, continuous and increasing functions 
of t, and 

-s,t^ ll-^^IU+(5,i-5,t — ^ as t 4, (almost surely, for each fixed 
> 0). In particular, letting 



T* := inf {t > 0|||w^|| >R}A inf {t > 0|p^|| > R], 

we have T* = T*{N) > almost surely. We claim that, if w G ^t, then T* > T 

for each > 0; f l4.4p and (14. Sp follow from the definition of T*. Suppose not, and 
T* < T for some w G Qt- Then we have 



IP 



Ni 



(4.14) 



<c,(T*rzf||v^^^^ 

VII \n\^ 
<Ci{T*fz(-^,R,R) if wGl^T, 
< Ci{T*Yz(-^ 



R, R) by the definition of T* , 



— , R, R] since T* < T, 



< Ci{T*fR 
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The last two lines follow from the definition of T, and the assumption T* < T. Also, 
by dMD, dUlD, T* < T, and the definition of T, 

< Co(T*)" + Ci(T*)"/? 

< CoT" + CiT^R 

(4.15) < ^R. 

Since i_5 1.^^ and Ijl'^ll 1.^^ are increasing and continuous functions of t, by 
fHlij) and fHTSjl . for each fixed > 0, 3To* = T^{N) > T* such that \\u^\\i_s^i_s,t < 
R and < R for all t G [0,Tq*]. This violates the definition of T* and we 

conclude that, if'cj G Qt, then T* > T for each > 0; (jOD and (gS]) follow. 

To establish the convergence of (and T>^), we obtain further restrictions on T 
by considering, for u G fir, 

- ^'ii-.,i-.,T < wsrnu^ - oiii-.i-. + - ^5"'iii-5,i-.,T 

(4.16) <M-;^ + ||P^-P^^||.^,_._,,^. 

Then, using the multilinearity of V, 

\\V^ - V^'^W . . < \\V{u^ - u\ u\ u^) II 

+ ||I?(«^w^-n^^«^,n^)||i+,,i_,,^ 
+ ||P(«^^«*^«^-^^^«^)|f.^,,i_,,^ 

(4.17) + \\V{u^', «^ - II i+.,i-.,T- 

Each of the terms in fl4.17p will be bounded in a similar way. We bound the first 
term explicitly using f l3.5p - fl3.13p . Consider (13. 5p and (13. 8 p applied with 5q = 0, 
u^ = u^ - Ai = - Fm, and Uk = , Ak = for k = 2,3, 4. This gives 

||Po(n^ - U\ U^) II 1+,, 1 _,,T + P-l - ^"'^ ^'^^ II l+^+S,T 

(4.18) ■ (1 + |k^||i_,,i_,,T+ P(«^)I|i+.,1-.,t)'- 

To estimate V^iu^ — u'^^ ,u'^ ,u'^), for /c = 1,2,3,4, we again consider a second 
iteration of fl4.10p in the k^^ factor. This argument requires modification when we 
consider Vi{u^ — , , u^, u^). We substitute 

(4.19) - u'' = 5(t)« - <J + Viu'^) - P(n^). 
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Then to estimate Vi{S(t){uQ^ — Uq^^) , , , u^) , we proceed as in fl6.1Q2p above. 
To be precise, by f l3.10p . Lemma [2. 2^ and the definition of Qt, we have 



Pi (5 W - O , II i-.,T 



2 ' ' 2 



2 '2 



h^ll^ill 1 5i-(5,r 



/3 



(4-20) <T^-^M-||«,|||_,^._,_^. 
Next we estimate \\Vi{V^ - u^, m^, u^) || i+^^i.^^^. We find 

< \\V, {V{u^ - u''^, u"", , tx^, II . 1 

+ \mv{u^', - «^), «"^) II i-.,T 

+ ||Pi(I)(n^^ - u'', , n^, m^, n^) || 1+5 I-^.t 



(4.21) + \mV{u'', n^, - w"^, II |+5 1-5,t- 



Each of the terms in (14.211) will be bounded in a similar way, we bound the first 
term explicitly. Applying f l3.6p with 5q = 0, M5 = — m*^, and Uk = for 
/c = 2,3,4,6,7,8, we find 



< T\M-^ + ||«^ - + - ^^^1Ih,|-,t) 

■(l+h^l|i-.,i-,T+PC«"')l|i+..l-.,T)'- 



With fl4.2ip . this leads to the bound 



■ (1 + Ik^ll i_5,i_5,T + lk^li-5,i-5,T 

+ ||P(«^)|U+,. ,^+||P(n^OlU+a-^,T)'- 



With similar arguments, using the inequalities fl3.12p -( l3TT3l) . we find 

11^ / N M N N N\ii 
\\Vk{u -U ,U ,U ,U )\\i+s,^^5,T 



■ (1+ ||M^||i_5,i-5,T+ lk^'li-5,i-5,T 

(4.22) + P(t.^)|U+a_,,T+ P(^*OIIhU-^,t)'- 
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for all A; = 1, 2, 3, 4. Combining fli:T8|l and (02]) we have 

11^/ N M N N N\ii 

\\V[U —U ,U ,U ,U )\\Ij^_s^I-S,T 

(4-23) ■ ^o(||M^||i_5,i-5,T> lk^'^lli-5i-5,T' ll^^l|i+5,i-5,T' 11^^*1 i+5,i_5,t) • 

where ^0(2^5 ^5 w) is a polynomial of degree 6 with positive coefficients. Each of the 
terms in fl4.17p can be bounded with similar arguments. This leads to 

(4.24) ■ Zidlw^ll P^ll i+,,i_5,T, \\V''\\.^sI-s,t), 



where Zi{x, y, z, w) is a polynomial of degree 6 with positive coefficients. If we choose 
T > sufficiently small such that 

(4.25) CiT^Zi {R, R,R,R)<^, 

we find from l^;2^, (021) (USD and fOSj) . 



(4.26) - '^"'k+s^,-s,T < \m-^ + IWu"" - ^*'l|i-.,i-.,T- 
Then combining f l4.16p and f l4.26p . we have 

\\u^ - < {CT^~2 + i)M-' < M-^ 

by taking T < 1. With (g:26ll this gives 

and we conclude that (jOD and g^D hold for u eVtr- By g^D and (gJD, and 
T>{u'^) converge in X2~'''2~<^'^ and Xz+'^'S"'^'^^ respectively, for oj G ^t- It remains 
to be shown that, for uo G VLt-, 

(i) The convergent u is indeed a solution to (11. 6p with initial data uq^^. 

(ii) u-S{t)u,,^eC{[Q,T]-H"^+\T)). 

(iii) M is unique in |s'(t)uo,tj + {|| ■ || 1+5,1 _5.t < 

(iv) u depends continuously on the initial data, in the sense that the solution map 

* : {«o,. + {IMI^^+. < ^}} ^ {•5W«o,. + {IMIc([o,T];/f^+^) ^ isLipschitz. 

(v) The solution u is well-approximated by the solution of (II. 7p . More precisely, 

\\u - Sit)uo,^ - (<l>^(t) - ^(i))P^%,JI^([o,T]^^^.,) < N-^. 

To establish (i), we need to prove that u = limjv_^oo u'^ satisfies 

(4.27) u = S{t)uo^^ + V{u), 
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in the sense of distributions. That is, we show that for all test functions ip G ViT x 
[0, T]), we have 

(m, if) = (S'(t)uo,^ + if). 

-—5 -—5 

Clearly S(t)uQ^ — )■ S'(t)uo,w in , for a; G Qt, and Vq{u^) — )■ Vq{u) in 

X-^ , by multilinearity of and the deterministic estimate fl3.8p . Then from 
fITTg]) . (1122D, (M, (BSD, and muhilinearity we have that for uj G ^t, T^jiu^) is 

Cauchy in X^^'^'^^'^. That is, 

(4.28) Pj(u^) ^ Vj in 

for some Vj G X^^"*'^^*^, j = —1, 1, 2, 3, 4. We can then express 

(4.29) u = S{t)uo,^ + Vo{u) + v^i + vi + --- + Vi. 

It remains to be shown that Vj = 'Dj{u) for each j = —1, 1, 2, 3, 4. For j = —1, 2, 3, 4, 
we consider, using the multilinearity of Vj, 

\\Vj{u) -Vj{u^)\\ 11^^ < \\Vj{u - ,U,U,u)\\i^i^s,T 

+ W^ji^^ ,U - ,U,u)\\i^i^s,T 

+ llI),(n^«^«-«^n)||.,.^,,^ 

(4.30) + IIP, (n^, M^, M^, n - n^) || i , 

We bound the first term in fl4.30p for each j = —1, 2, 3, 4. For j = —1, applying (13. 6p 
with Sq = 0, Ui = u — u^, Ai = Id — P^v and Uk = m, = Id, for k = 2,3, 4, we find 
for u G Qt, that 

\\V^l{u - U^,U,U,u)\\i^s^+5,T 

4 

fc=-i 

A; 7^0 

4 

■ (1 + ||m|| i_5,i_5,T + W^oiu) + Yl ^fclli+5,i-5,T)^ 

k=-l 

4 

<T^(X- + ||n-n^||i_,_x_,,^+ 5^ IK'.-^^.(n^)|||+5,i-,,T 

k=-i 

+ \\Vo{u) - Po(«^)|||+,,i_.,t) {i + R + Rf 

0, as X oo, 
by dMl) and fOS]) . 

For j = 2,3,4, we will show how to bound ||T'2(^^;W — u'^ ,u,u)\\i Ij^_st (where 
the difference appears in the second factor). Treating other types of terms will follow 
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from the same estimates (or simpler ones). Inserting (I4.10p and f l4.29p into the second 
factor, we find 

< WV^iu"", (Id - P^)S(t)Mo,^, u, u) II 11+,^^ 



(4.31) + WV^iu"", Voiu) +Y,^k-'D 



,N 



k=-l 

The first term in fl4.3ip is bounded (and decays to zero) exactly as in fl4.20p above, 
by using fl3.1ip . For the second term, we consider 

\\V2{u'' ,Vq{u)+ Vk-V{u''),U,u)\\ii^s^T 
k=-l 

< \\V2iu^, Voiu) - Voiu''),U, U) II 1, i+5,T 
4 

(4.32) + J2 \\1^2iu'' ,Vk -Vk{u''),U,u)\\^^l^s,T■ 

k=-l 

The first term in fl4.32p is bounded using multilinearity of Vq and a telescoping sum, 
as considered in (14.210 . This reduces to estimating terms of the form 

\\V2{u'^,Vo{u - m^,u,u,u),m,m)||i+5 i+^^r- 

By fl3.13p we have 

||P2(^^, 1^o{u - U^, U, U, U), U, U) II 1+51+5^7. 

(4.33) <Tlw-w^||i ,,1 ^.Tll^'^IU-a-^.Tll^lli-^i-^r^O' 

as — )■ 00. The remaining terms in (I4.32P are bounded using the deterministic 
estimate (13. lip . That is, for each k G {—1, 1, 2, 3, 4}, (13. lip (with = 0) gives 

p2(M^,Wfc -2^fc(?^^),M,M)||i,i+5,T ^ ll^fc -^^fc(M^)l|i-5i+5,Tll^^l|i-5,i-5,Tll«ll|_5,|-5,T 

(4.34) ^ 0, 

as -> 00, by (i2HD. Thus, with (021) . ( 1031) . f lOil) and an expansion similar to 
fOT]) . we have 

||r'2(M^, U - M^, M, U) II i+5,i+5,T 0) 

as N ^ 00. 

It remains to show that Vi = Pi(m), in the sense of distributions. In other words, 
we still need to prove that, for all test functions G V{T x [0,T]), we have 

(4.35) {Vi{u) - Vi{u^), if) ^0, as N ^ 00. 

Once again using a telescoping sum, this is reduced to establishing that 

(4.36) (Pi(m -m^,m,m,m),(^) ^ 0, as ^ 00. 
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Inserting f l4.10p and f l4.29p into the first factor, we find 

{Vi{u — ,U, U, u), if) 

= {'Di{{ld-FN)S{t)uo^^,u,u,u),ip) 

(4.37) + {ViiVoiu) + 5Z t^fc - V{u^), u, u, u), ip). 

k=-l 
fc^O 

The first term in (14.371) is bounded (and decays to zero) exactly as in fl4.20p above 
(using Holder). For the second term, we expand 

{ViiVo{u)+ ^ Vk- T){u^), u, u, u), ip) 

k=-l 

= {Vi{Vo{u) - 'Do{u^),u, u, u), if) 

4 

(4.38) + ^(Pi(i;fc-I?fe(M^),M,M,M),(^). 

k=-l 
kf^O 

Each of the last five terms in fl4.38p is bounded (and goes to zero) using Holder and 
flXTOj) . as in fOip above. 

For the first term in fl4.38l) . we use a telescoping sum and reduce to establishing 
statements of the type 

(4.39) {Vi{Vo{u — ,u,u,u),u,u,u), (f) ^ 0, as — )■ oo. 

Here is where we take advantage of the distributional formulation of equivalence. 
More precisely, as described in Section [6731 (of the appendix), the expression 

'Z^i(^^o(m5, Me, U7, Us),U2, U3, U4){x, t) , 

as appearing in the statement of Proposition 13. 11 is defined (in the region Ai^c) by the 
right-hand side of (16.901) (after imposing a certain cancellation). On the other hand, 
since we are attempting to demonstrate here that 'D('U^) — )■ T>{u), the expressions 

(4.40) Vi(Vq{u, u, u, u),u, u, u){x, t) 
and 

(4.41) V.iVoiu'', M^, M^, M^), M^, M^, M^)(a;, t) 

are implicitly defined (in Ai^c) through the second last term in (I6.85P (before the 
cancellation), and we must justify that this can be replaced with (I6.90p . in order for 
Proposition 13.11 to be applied. This can be done by showing that the contribution to 
(I4.40p and (I4.4ip from c is equivalent in distribution whether we use the right-hand 
side of (16.851) or (16.901) for the definition of Ki{n, r). 

Let us slow down to explain this point more carefully. When we estimated (14.411) 
above, and used Proposition 13. H this was justified since the solutions , which 
evolve from frequency truncated data, are smooth, and the cancellation leading to 
(I6.90p . witnessed for each fixed (n, r) G (Z\ {0}) x M, extends to the full contribution 
to (14.4 ip from the region Ai^c- That is, when estimating (14.410 above, we were able 
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to define the contribution to fl4.4ip from Ai c according to fl6.90p (taking advantage 
of the cancellation). However, when the input is u (the limit of the sequence u^), 
it is less obvious that the cancellation holds, and any application of Proposition 13.11 
with these "rough" inputs needs to be justified carefully. In other words. Proposition 
13.11 assumes that the nonlinearity is defined through fl6.90p (in the region Ai c), but 
this is not obvious if the inputs are the limit u of the sequence . 

We will verify directly that the cancellation leading to f l6.90p holds (when the input 
is u) in the sense of distributions. More precisely, if Ki{n, r) is defined by the right- 
hand side of fl6.85p . and Ji(n, r) is defined using fl6.9Up instead, we will verify that 
for all e V(T x [0, T]), we have 

(4.42) {{K,n.,.),v) = {{Jin-r),^). 
Indeed, we can use Holder to find 

(4.43) mn-,.) - (j.)^(-,-),^) < m^r - iJ^rH...J^H....n- 

By the cancelation that led to fl6.9Up for each fixed {n,T), if the right-hand side of 
fl4.43p is finite, it is necessarily zero. It is shown in line (16.1111) of the Appendix (and 
the lines that precede it) that the contribution to 

\\Vi(Vo{u, u, u, u), u, u, u) II 1+5^1+5^7. 

from Ji(n, r) (after cancelation) is finite (since u G If, instead, we wish 

to estimate the contribution to 

\\'Di('Do{u,u,u,u),u,u,u)\\l2 

x,t^ [0,1 \ 

from Ki{n,T) (that is, to estimate || (_ft'i)^|| ^^^^^j), it turns out that we can proceed 
with the exact same analysis, because we are using a weaker norm. 

The benefit using the reformulation (I6.90p is the introduction of an extra power of 
A^" in the denominator of the estimate (16.1110 . More precisely, using the definition 
fl6.85p instead of fl6.90p . we could try to use 



(4.44) 



l^il < 1 



\ai\ ~ (A^' 



OU-7 



to replace fl6.108p -( f6.109p . but the resulting estimate as in line (16.1 lip would not 
be dyadically summable. This is why we need to use the definition (I6.90p during 
the proof of Proposition l3.lt we exploit the estimates (I6.108p - fl6.109p . which have an 
extra power of A^*^ in the denominator, in order to produce the estimate (]6.90p . 
However, if we are trying to control ||(Ki)^ 11^,2 (that is, using the L'^te[oT]~ 

norm instead of the -norm), we can use (14.440 and Lemma 12.31 to modify 
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the analysis that led to (16.1 lip , and find 

\\(^^y\\Ll^,^^o.T] " ll(^i)^llo,o,T ~ \\Vi{Vo{u,u,u,u),u,u,u)\\o^o^T 



< 



^ \\Afi(Vo{u, u, u, u),u, u, m)||o -1,T 



3 """l^-S.^^-^.T 



2 



Since u E X^^'^'S"^''^, we conclude that {KiY G -^^jg[oT]' ^^"^ equality fl4.42p 
holds. Therefore, in the definition of fl4.40p in the region c, we can interpret 
Ki{n,T) using either fl6.85p or fl6.90p . In particular, we can estabhsh fl4.39p as we 
did fl4.33p . Applying Proposition 13.11 with = u — , A5 = Id — Pat, and Uk = u, 
Ak = Id for k = 2,3, 4, 6, 7, 8, and 60 = 0, we have 

\\Vi{Vo{u - ,u,u,u)u,u,u)\\i^^^s,T 

(4.45) < T'\\u - u'^h s,I-5,tM\Ls I-st 0' 

as X — )■ 00. Having established f l4.39p . we have vi = Vi{u), and fl4.27p follows. 
We conclude that u is indeed a solution to (11. 6p with data uq^^^ for t G [0,T]. The 
discussion of point (i) is complete. 

Let us emphasize that thanks to the preceding discussion (and in particular (I4.42p ) 
we may now use the definition (I6.90p (for Ki{n,T)) when we consider (I4.4ip : i.e. we 
have justified that the cancellation holds for the limit u, and this may be used in the 
future. 

To address point (ii), we remark that by ( 1427]) . f l428|) and fl2?TT]) . if a; G fir, then 
Vj{u) G C{[0,T];H^+^{T)) for all j G {-1,1,2,3,4}. For j = 0, we have by fl2lTD 
and ([33]) that 

~ ||Aro(^)-Aro(t.^)|| .,,_,rlt.-t.^||._,,._,,^. 

Yj. 

Then with (|2TT]) we conclude that Vo{u) G C{[0, T]; H^+^(T)). Therefore, if w G Qt, 
we have 

u - S{t)uo,^ = V{u) G C([0,T]; iJ5+^(T)). 

Turning to point (iii) (uniqueness), we establish that, for u G Qt, the solution 
u to (I1.6P with data uq^^j (obtained as the limit of given by (I4.10p ) is unique in 

|s'(t)Mo,a; + {II ■ ||i+5,i_5,T ^ Supposc u is another solution to (II. 6p with data 

Mo,a; in this function space. With the methods used above, if a; G Qt, then 

\\Viu)-Viu)h^Sl-5,T 



(4.46) ■ ^2(||m||i_5,i_5,t> lkl|i-5,i-5,T> P(^^) II i+5,i-5,T> II i+5 I-^.t), 
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where Z2{x,y, z,w) is a polynomial of degree 6 with positive coefficients. With the 
definition of Qt, we have 

\\Viu) - V{u)\\i^s^^_,^T < T'\\V{u) - V{u)\\^^si^s,T 

■ Z2(Cr° + R, CT"" + R, R) 

(4.47) <ip(t2)-P(«)||i+5,i-5,T, 

for T > sufficiently small. We conclude that 'D{u) = T>{u) in , and thus 

u = u 'va. , for a; G VLt- The proof of uniqueness is complete. 

Next we discuss point (iv). We will show that, for lo G i^r, the solution map 

^ ■ {«o,. + {II • 11^1+. < R}] ^ {5(t)no,. + {II • ll^([o^^]^^^+.) < R}] for (HD is 
well-defined and Lipschitz. That is, given vq such that \\uqi^ — fo|L 1+^ < -R, we will 
demonstrate that: 

(a) The solution to fll.6p with data Vq exists, is unique in the sense described above, 
and satisfies 

ll^^ll i_i,i_5,T < R^ P(^^)||i_5,i_5,T < R- 

(b) We have ll« - ^ll^([o^^]^^^+.(^)) < Iko,. - ^^oll^i^.^^). 

To establish point (a), for iV > we let f ,^ := PArfo- By Theorem 2 in |9j the solution 
to (11. 6p with data Vq exists for all t G M. We will show that, if w G ^t, then for 
all > M > 0, 

(4.48) \\v''\\i-si-8,T<R. 

(4.49) mv'')\\._,._,^T<R, 
and 

(4.50) \\v^ -v^^\\i_^i_sT,\\V{v^)-V{y^'^)\\i^^i_^T,^Q, as M ^ oo. 



The existence of a convergent v G X^ "^'^ of the follows from (I4.48p -( l430ll . 
The justification of points (i)-(iii) (continuity and uniqueness) for the convergent v 
follows the discussion above (for u with data uo,w) very closely, and we omit details. 
We proceed to justify f08D -f l43nD . 

The solution v'^ to (II. 6p with data Vq satisfies 

v"" = S{t)v^ + V{v'') 

(4.51) = 5(tX + S{t){v^ - <J + P(.;^), 

and 



(4.52) = S{t){^N - ^mW. + 5(t)(P7v - ^m){v^ - u^.s.) + Viv"") - V{v^). 
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The new contributions to (I4.5ip and (14.521) (ie. contributions which were absent in 
the analysis of the sequence above) satisfy, for any 6 G M, 

(4.53) \\S{t){v^ - <J|| < 11^0 - «o,.||^i+.(^), 

and 



\\S{t){Vj, - Pm)(^o - Wo,J|| i+5,6,T < ll(Id - ^m){v^ - uo, 
(4.54) <Cm -^0, 



as M — )■ oo. With the estimates fl4.53p and f l4.54p . we can treat the contributions 

from (t>o — Mo,w) in fl4.5ip - fl4.52p as "type (II)"; that is, to be estimated in the space 
-+s -—S 

(with spatial regularity s = \ + 5). In fact, we can do better, and estimate 

these contributions in X^^^"^^^ (with temporal regularity 6 = | + 5 as well). This 
improvement is crucial, as the proofs of inequalities fl4.48p - fl4.50p will require mod- 
ification (from the proofs of fl4.2l) - fl4.5p ). when we consider the second iteration of 
the Duhamel formulation (as in lines f l4.10p and f l4.19p for u^). The problem is that 
cannot expand the contributions from {vq — mo,^;) in fl4.5ip and fl4.52p into septilin- 
ear expression (as we can for D(i;^)); instead these contributions are bounded using 
fl4.53p and fl4.54p with 6 = | -|- 5, and the deterministic estimates f l3.10p and (13. lip . 
Using this approach, we establish 



and if a; G ^2^, then 



<CiT%(||<JI . „||<-<J| . 



(4.55) 



where Z2{x,y,z,w) is a polynomial of degree 7 with positive coefficients. Under the 
assumption \\vq —Uq^^\\^i^s < R, we can repeat the analysis done for u^, and fl4.48p - 
f l4.49p follows for T > sufficiently small. To prove f l4.50p . we proceed as above, using 
fl4.5ip -f HIM|) . Proposition 13. II and Proposition 13.21 to estabhsh, if w G Qt, then for all 
> M > we have 

< C,T\M-^ + ||S(t)(P^ -P^^(^^o -«o,.)||i+,,i^.,,T 

+ ll^"' - ^''h-si-s,T + mv"") - V{v'')\\.^s,1-s,t) 

' ^sdl'^O.wllj:^^-*' ll'"0,ajllj:^^-*5 ll'^O ~ '^0,Lj\\jj^+S^ 11^0 ~ ^0,U}\\jj^+Sl 



INVARIANCE OF THE GIBBS MEASURE FOR THE PERIODIC QUARTIC GKDV 31 

where Z3{s,t,u,v,w,x,y, z) is a polynomial of degree 6 with positive coefficients. 
Then using fOS]) and we find 

||I)(t;^)-I)K)lli+.i-.,T 

< C,T\M-^ + Cm + - I?(t;^Olli+.i-.,T) 

■ Z3{CT-^,CT'^,R, R, R, R, R, R). 

By taking T > sufficiently small (subsequently rearranging the last inequality), 
and using Cm — )• as M — )■ 0, we conclude that (I4.50p holds true for co G Qt- This 
completes the justification of point (a): for u G Qt, the local solution v to (II. 6p 

with data vq G jwo.a; + {|| • 11^^+5 < exists and is unique (in the sense described 

above) . 

We proceed to establish point (b). That is, we show that the solution map 

^ ■ {UO,. + {II • 11^^.. < R}} ^ {Sit)uo,^ + {II • ll^([o,T];H^^^) ^ 

for (11. 6p is Lipschitz. Using Proposition 13.11 and Proposition 13.21 (note that we can 
apply these Proposition l3.1l to the nonlinearity evaluated at the limits u and v because 
of the justification of (14.421) found above), if w G Qt, then we have 

\\u - v\\i^^_s^j, = \\V{u) - V{v)\\i_s^i_s^j, 

< mu)-V{v)\\i^si_s^T 

4 

i=-i 

< CiTW\uo^^-vo\\^i+, + \\u - v\\i_s^i _s^T + W^iu) - V{v)\\i^s^i^s,t) 

■ Z4{\\uo^^\\^i_s, \\vo - Mo,t^||^i+«, \\u\\i_s i_s^T, \\v\\i_s^i_s^jr, 
\\V{u)\\i^S^i_S^j,, \\V{v)\\i^^_s^t), 

where Z4^{u,v,w,x,y, z) is a polynomial of degree 6 with positive coefficients. Re- 
peating the arguments above, we conclude that, if T > is sufficiently small, then 
for u G Qt, we have 

(4-56) \\V{u) - V{v)\\i^^_^^T < ||mo,^ - Wo||^i+,. 
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I" ^llc([0,T];/f2+*(T)) ~ ll^(^) ^(^)llc([0,T];H2+^(T)) 



Then using (12. lip . Proposition 13. II and fl3.9p (instead of (I3.8p ). we have 

= \\V{u)-V{v) 
< \\V{u) -V{v) 

4 



'y 2" 



< CiT\\\uo,u^ - Vo\\^i+s + \\u - v\\i_s i_s^T 
+ \\Viu)-Viv)h_^s^^_s^T) 



■ Zi{\\uo^^\\^i_s, \\Vo - Mo,a;||^l^ 



\u\ 



< CiT'Wu^^^ - i;o||^i+,^4(CT-i R, R, R, R, R) 
(4-57) <\\uo,u^-Vo\\^i+s, 

for T > sufficiently smalL From fl4.57p we conclude that the solution map $ for 
(II. 6p is Lipschitz. This completes the discussion of point (iv). 

Lastly, we need to address point (v). We compare solutions of the truncated 
system (II. 7p to the local solution u of ( II. 6p constructed above. Let us be clear that we 
are using to denote the solution to the frequency truncated PDE ( II. 7p to avoid 
confusion with the solution to ( II. 6p with frequency truncated data. Avoiding 
frequency truncation of the nonlinearity was useful above, but we will need to study 
the finite-dimensional dynamics of (15. 4p (in particular to exploit the invariance of 
the Gibbs measure) in order to extend the local solutions of Theorem [1] to global 
solutions. We will also use the notation := Fj^V^it^ , . . . , u^). 

We remark that the analysis applied to the sequence above, for fixed N > 0, ap- 
plies to the frequency truncated sequence as well (the X'^'^-norm "behaves nicely" 
with respect to frequency truncation). It was only when we estimated differences of 
solutions in the proof of Theorem [T] above that avoiding frequency truncation for the 
sequence became useful. In particular, the estimates (I4.4p -( H3]) with -u^ (instead 
of M^) imply that for u G Qt we have 

\\u'^\\l-5,^-5,T < \\u\\i_s,^-5,T < 

(4.58) \\Viu'')h_^si-s,T < R, P(«)||i+5,i-^,T < R, 

for each N > 0. Recall < < 5 as given in the statement of Theorem [H We claim 
that the following estimates hold for u G Qt'- 



(4.59) Wu'' -u\\^,s+s,^s,T<N 



2 ^" ' "1'2 



(4.60) P^-2^||i+,,i_,,^<iV 
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We proceed to justify f l4.59p and fl4.60p . Using the equations (11 .Op and fll.7p we have 

-m||i„25+5i,1-5,T < \\S{t){I - ^n)uo,J i_2S+5r^~5,T + - ^^|| i-25+5i,i-5,T 

(4-61) <-r + \\^''-n^,^s.i-s,T- 

J. 2 

Then 

- ni^S.l-S,T <\\il- ^n)V\\._,s,,L^_s,t + l|Piv(P^ - 

We find 

(4.62) ||(/-PAr)P|||+5,,i_,,^ < iV-(^-'^)||P||i+5,|_,,r < N-^'-'^^R, 
and 



2 ' "J-'2 

+ ||P^I)(n, - n, n^, m^) || i^+s,i.s,t 

(4.63) + \\¥MViu,u,u,u'' -u)\\i^s,i_s,T- 

Each term on the right-hand side of (14.631) will be bounded in a similar way. We 
bound the first term explicitly. Using the decomposition of frequency space from 
section [31 we expand 

4 

1|Pa.P(^^ - u, S^) II ^^s^^,^^ < E - ^""^ ^""^ ^'') II l+s^-s,T- 

k=-l 

For k = —1 and A; = we have by (13. 5p and (13. Sp . with = <5 ~ > 0, 



_7V ~Af ~N\ 

k=-l 



< r ( iV- + 11^^ - «|| + - ni-,S,l-5,T 



l + IIS'^IU-.i-.T+P' 



2 "'2 ■■^+S,^-5,T 



3 



(4.64) < T^(l + + i?)3 j^AT- + ||n^ - n|| ._2^+5„i-5,T + - mi+s^i-s^T 
Then for /c = 1 we find 

■..N .TV .iV .JVM, /„™^... ™,)«,«^W^^^ 

'~,Af „.\ „~.N ~N ~N 



^^V,{U^' -U,U^,u\u'')\\r^S,^,-S,T < UPatPi ((/ - P;v)«, «^ , ) || i ^5,T 
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Then we have 



-^V.iil - ¥^)u, u\ u\ u"") II 1 1 



2^^1,2 

~ ||PivI?i((/ - ^n)V, n^, n^, n^) || i +5,, i _5,t 

+ \\¥nVi{V{u, (/ - Pjv/4)m, m, m), m^, m^, m^) II i+5i,i-5,r 
+ ||PjvI^i(P(«, n, (/ - P^/4)n, m), M^, M^, n^) || 1+5,, i_,,r 
(4.65) + ||PjvI^i(P(m, u, (/ - P;v/4)w), w^, w^, u"") \\ i+s,^-5,t- 



Once again, each term on the right-hand side of ( I4.65P will be bounded in a similar 
way, and we proceed to bound the first term explicitly. Using (13. 6p with 60 = 6 — 61, 
we find 



S,T 



||P^Pl(P((J - Pjv/4)m, U, U, m), M^, M^)|| i+s,l.s,T 

■ (1 + |k||i_,,i_5,T+ Plli+^i-^.r) (1 + \\u''\\^_si-s,T+\\^''\\i+si- 

■ (^l + ||m|| + Pll (^1 + ||M^||i-5i_5,T + W^^ \\ l+Sl-S,T 

(4.66) 

< N~'T\l + R + RY . 
Next we find 



V1^1(P7V(W^ - W), W^, M^, M^) II 1+^, 



^-P),^^,n^,M^) 

r.A' „, „~.N ~N ~,N\\ ~N ~N ~,N\ 



VPi (P;v(^^^^ - 2^) , ) II 1 1 -5,T 



< ||P^Pi(P;v(^^(^^ -«,«^,«~,S^)),«^,{2~,tz^)||i+,^,i_,,^ 
+ \\FNV,{FMiV{u, - w^, ^^)), w^, w^, w^) II i+5„i-,,T 
+ \\F^V,(F^{V{u, u, - u, u^)), n^, n^, m^) || 1+5,, i_5,t 
(4.67) + ||P;vI?i(Piv(I?(w, u, u, {2^ - m)), M^, M^, M^) II 1 + . 1 ^. 
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Each term on the right-hand side of (14.671) will be bounded in a similar way, and we 
proceed to bound the first term explicitly. By fl3.6p with 6^ = 6 — 6i, we have 

\\FnV,(Fn{V{u'' - u, w^, w^, w^)), w^, w^, w^) II 1+5, |-,,r 
< T'(^N-^ + lltz^ - «|| i_2m.,i-5,T + - ^^|||+,„1-,,t) 

• (^1 + ||m'^||i_,,i_5,t+ P'^l|l+5,i-5,T) 

(4.68) <T\1 + R + Rf (^iV- + ||n^ - n|| + ||P^ - I?|| . 
With a continuity argument, as in the proof of (I4.2p - (l4.3p above, we arrive at (I4.59P - 

Given the convergence results (14.590 and (I4.60p . by following the approach taken 
in (14.570 (using an estimate of the type (I4.62p to control high frequencies), we can 
establish the a posteriori estimate 

(4.69) ||n - Sit)uo,. - ($^(t) - 5(i))P^«o,J|^([,_^j^^i+.,) < AT-. 

This completes the discussion of point (v), and the proof of Theorem [1] is complete. 

□ 



5. Global well-posedness and invariance of the Gibbs measure 

In this section we will extend the local solutions produced by Theorem [T] to global 
solutions, and prove our main result: the invariance of the Gibbs measure under the 
flow of (II. 6p . the gauge-transformed quartic gKdV (Theorem [2]). 

5.1. Construction of the Gibbs measure. Let {gn{i^)}^=i be a sequence of stan- 
dard independent complex-valued Gaussian random variables on a probability space 
{n, P). For each > 0, define 

Ejy = span{sin(na;), cos(na;) : 1 < |n| < A^}. 

The finite-dimensional Wiener measure Pn on is the push- forward of P under the 
map from (f2, J-", P) to En (equipped with the Borel sigma algebra) given by 

(5.1) y ^e-^ 

\n\ 

l<|n|<Af ' ' 

where g_n ■=9^- 

We proceed to extend the Wiener measure to infinite dimensionqj. Fix 5 > (small- 
ness conditions will eventually be imposed on S), the Wiener measure p on 



We will state the results required for the proof of Theoreni[2] For more details about the Wiener 
measure, and Gaussian measures on Banach spaces, see [T7] . 
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is the push-forward of P under the map from (fi, J^, P) to H^^^{T) (equipped with 
the Borel sigma algebra) given by 



9n[U^ inx 
II ' 

\n\ 



(5.2) u I — > Mo,c^ := 

nez\{o} 
where g-n ■= 9^- 

The "finite-dimensional" Gibbs measure //at on H2^^(T) is the push-forward under 
the map (15. 2p of the weighted measure 

\ll Z^i<|„|<jv |„| e lUS-oj 

We recall a crucial result from [HI [3] . 

Theorem 3 ([HI [3]). Let B < oo, then for each r > 1, we have 

^|||«o,^I|2<b| ^ ^ 

In particular the Gibbs measure fi, defined as the push-forward under (15. 2p of the 

weighted measure 

e-^lTi^o,.i^))'dx ^dP(uJ), 

is absolutely continuous with respect to the Wiener measure p. 

The proof of Theorem [3] first appeared in [18], but it is clarified and expanded in 

Remark 7. It is easily verified from the proof in [3] that we also have the following 
conclusion: there exists < C < oo such that that for all > 0, 



|||P]V«0,^I|2<-B| 



<C <oo. 

L'-{n) 



Having defined these measures, we establish a convergence property to be used in 
the proof of Theorem [21 The application of this property (and its proof) are inspired 
by similar arguments appearing in Burq-Tzvetkov 

Proposition 5.1. Set 

f(u) = e-^olT^''i-X(. . 1 an(i/^(M) = e-^^T(PW-)fdx 



Then 



hm \ ^ \f^{u)-f{u)\dp{u) = ^. 



Proof. We first claim that fN{u) — ?■ f{u) in measure with respect to p, and this 
follows from showing that fN{u) — )■ f{u) p-almost surely (by Egorov's Theorem). 
Clearly we have 

'^{l|iPiv«il2<B} ^ -^{|1«I|2<b} 
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p-almost surely. By continuity of the exponential function, we need only verify that 
FfyfU — )■ u in L^{T), p-almost surely, and this follows easily from the Sobolev em- 
bedding L^(T) H^~^{T) (for 6 > sufficiently small). Fix e > 0, and let 
^Af,e := {u G H2^^(T) : \fN{u) — f{u)\ < e}. We apply Cauchy-Schwarz followed by 
Theorem [3|, 

\fN{u) - f{u)\dp{u) < { [ +[ )\Mu)~f{u)\dp{u) 

< [ \fN{u) - f{u)\dp{u) + 11/^ - fh^i^M^ks))' 

<5 + 2C(p(A^^,,))^. 

Then since fNiu) — )■ f{u) in measure with respect to p, we have p(A^^) — )■ as 
N ^ oo, and the proof of Proposition 15.11 is complete. □ 

We have the following useful corollary of Proposition 15.11 

Corollary 2. For any Borel set A C H^~^{T), we have 

(5.3) fx{A) = lim p7v(^). 



Proof of Corollaryl^ From the definitions above, the measure pjv on IS 
defined by its density dp,iy{u) = fiy{u)dp{u). This corollary is then automatic from 
Proposition 15.11 We have 

MA)-f,{A)\= [ if^iu) - f{u))dp{u) < [ \f^{u)-f{u)\dp{u) 

J A J A 

< \fNiu)-fiu)\dpiu)^0, 



as N oo. 



□ 



5.2. Invariance of the finite-dimensional Gibbs measure. Consider the fre- 
quency cutoff and gauge-transformed quartic gKdV 

u'^{0,x) = Fn{uo{x)), Uq mean zero. 

where P is the projection to mean zero functions, P^r is Dirichlet projection to fre- 
quencies < N, = Patm, and Uq = F^uq. We can write f l5.4p in coordinates as a 



(5.4) 



system of complex DDEs (for the Fourier coefficients) c„ 



u 



Ni 



n),l<n< N 



see 



fl5.9p below). This system is locally well-posed by the Cauchy-Lipschitz Theorem, and 
it is easily verified that the L^-norm of the solution to f l5.4p is preserved under the 
fiow (see fl5.7p below). This provides an a priori bound on the £^-norm of the Fourier 
coefficients {cnjneN, and it follows that solutions to (15. 4 p are global-in-time. 

In this subsection we explicitly compute the invariance of the "finite-dimensional" 
Gibbs measure pat under the fiow of (15. 4p . Specifically, we establish the following 
proposition. 
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Proposition 5.2. The Gibbs measure fx^ on H^^^(T) is invariant under the flow of 
the frequency truncated (gauge-transformed) quartic gKdV (15 ■4p . 

Here we are viewing the flow of ([53D extended to H2-\T) = En ® Ejj as the 
combined flow of (15 ■4p on E^i and the trivial flow on E-^. We deflne the (truly) 
finite-dimensional Gibbs measure JIn on E^i by the density d'fiNiu) = fN{u)dpN{u). 
Proposition 15.21 is then a straight-forward consequence of the following lemma. 

Lemma 5.1. The finite- dimensional Gibbs measure Jxn on En is invariant under 
the flow of the frequency truncated (gauge-transformed) quartic gKdV (15. 4p . 

We begin by proving Proposition 15.21 using Lemma 15. then we present the proof 
of Lemma 15.11 

Proof of Proposition \5.S\ Let $ n (t) denote the flow map of ([53D extended to H^-^T) 
En^BE^^, and let $7v(^) denote the flow of (15. 4p restricted to En- Then by deflnition 
we have ^n = ($Ar,Id), and Proposition 15.21 is automatic from Lemma [5.11 and the 
invariance of the Gaussian measure (on each Fourier mode) under the trivial flow on 
Ej^. □ 

We now proceed with the proof of Lemma 15.11 

Proof of Lemma 15. ii For the sake of clarity, let us begin by verifying conservation of 
the quantity 

(5.5) H{u) = {u.Ydx + u^'dx 

under the flow of the gauge-transformed quartic gKdV (11.61) (without frequency trun- 
cation). Suppose u solves (II. 6p . then we flnd 



dH{u) 
dt 



j Ux{ut)xdx + ^ y u^Utdx 



Ux[-Uxxx + ^{u'^)Ux]xdx + ^ / u^[-Uxxx+^{u^)ux]dx 



XXX 



+ u^Ux - ( j u^dx')ux]xdx + ^ y u'^i-Uxxx + u^Ux - ( J u^dx) 



— ( y u^dx') ^ J (uxUxxdx + -u'^Ux)d3!^ after integrating by part 
{l[iuxx)% + ^[u%)dx-{ j u'dx')( j {]^[(uxf]x + ^[u%)dx 
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Now suppose solves the truncated gauged quartic gKdV (15 ■4p . With a modified 



computation we will confirm that 



dt 



0. Indeed, we have 



dH{u 



dt 



1 



4 



U 



N 



1 



dx 



+ 



u 



— U 



N 



dx 



.N 



nix + {u^'M ]-^n{{ {u^fdx')u^^ 



+ 



dx 



- + {u^fu^ ) - Piv( ( / {u^rdxy^ 



dx 



.N\iT\ 



dx 



{liuydx')( I {uyi + -^{u^Yu'^)dx 



integrating by parts, 



2n 



I dx 



{l{u-fdx')( I {\[{u^.)\ + ^^[{u^)%)dx 



(5.6) 



0. 



Next we show that the L^-norm of is invariant under the fiow of (15. 4p . We 
compute 



.N 



+ P^ P((«^f) 



dx 



2 / u 



N 



- + P^ [{u^f< ]~^n({I {u^fdx')u^^ 
2 



dx 



- ( / {u^fdx') ( [ [{uyux 



(5.7) 



0. 



We can write (15 ■4p in coordinates as a system of complex ODEs (for the Fourier 
coefficients) c„ := u^{n), 1 < n < N (recall that c_n = c^). We will verify the 
invariance of /x at in the coordinate space C^, and this extends to by its definition. 
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Having verified Hamiltonian and L^-norm conservation for tlie solution u^{t) to fl5.4p . 
to prove that JIn is invariant under tfie flow, it remains to show that the Lebesgue 
measure on is preserved. 

This system will take the form — = -^n({cfc, c^}), for a sequence of functions F„. 
Equivalently 



^ttn = Re(F„({cfc, Cfc})) 
= Im(F„({cfc,Q:})), 



when written in terms of a„ and 6„, the real and imaginary parts of c„. To show that 
this system preserves the Lebesgue measure Y\ dandbn on C^, it suffices to verify 

l<n<Ar 

that the corresponding vector field is divergence-free. That is, to show that 



l<n<Af 



^ dan dbn 



This is equivalent to 



0<n<A' 



We will verify (15. 8 p by explicit computation. The equation (15. 4p is a system of N 
coupled ODEs for each 1 < < A^, 



ni,...,n4 
n=n\-\ — n4 



(5.9) =-Fl + Fl 

For any fixed n, 1 < n < A^, observe that 



9Fi dF} 



(5.10) ^ + ^ = i-inf + (-m)3 = iv? - in^ = 0. 

dcn dcn 
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Then, using the Liebniz rule, for each fixed n, < |n| < A^, 

dF} d 



dFl__d_( ^ \ 

dc^ ~ dcA ^ ^ ^rii)Cn,Cn,Cn,Cn,\ 
\ ni,...,ri4 / 



n=niH — m 



1 rid V J 



ni,...,n4 
n=niH — n4 



1 n4 V 



ni,...,n4 
n=ni+---n4 



3 (-^«i)CmC„3C„4 by symmetry in n2,n3,n4. 



ni,n3,n4 
0=ni+n3+n4 



— 3( ^ ^ ( ^'^l)CmC^3C„4 + ^ ] (^''^)CnCn3Cm j 

0=ni+n3+n4 0=n+n3+n4 

V n3,n4 / 

0=n+n3+n4 

= 3 ^ {in)cnC„ 



nz,n4 
Q=n+nz+n4 



n3,n4 

0=71+713+714 



Then 



0<|n|<iV ^" «,«3,«4 

0=n+n3+n4 



= 3 E (- 



n,n3,n4 
0=n+n3+n4 



3(9.«^(^^)^)"(0) 

3(a.(t.^)3)"(o) 

0, 
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and — ^ = with the same computation. Using the property c_„ = for 

0<|n|<iV 

each n, this gives 

l<n<iV " " 

Combining flS.lOp and flS.lip the justification of (15.81) is complete. This completes 
the proof of Proposition 15.21 □ 

5.3. Extending to global-in-time solutions. In this subsection we will establish a 
proposition which uses the finite-dimensional Gibbs measure invariance (Proposition 
15.21) . and an approximation argument, to extend the local solutions of (II. 6p (produced 
by Theorem [1]) to global solutions. Let $^(t) denote the data-to-solution map for 

Proposition 5.3. VO < cr < 1 and T* > 0, 3 5i > ^2 > £^ > sufficiently small and 
a measurable set Ao-,r* C if 2~'^i(T) such that fi{A'^rp,) < a and Wuq E A^^t* there 
exists a (unique) solution u E S{t)uo + C{[0,T*]; H^+^^iT)) C C{[0,T*]; H^^^-'(T)) 
to (II. 6p with data uq. Furthermore, for all S> 0, we have 

(5.12) \\uit) - Sit)uo - (<f^(t) - ^WP^)%||^(fo,T*];H^+^.(T)) < C{a)N-\ 



Remark 8. Regarding the uniqueness of the solution in Proposition 15. 3[ recall that, 



for u G Qt, the local solution produced by Theorem[T]is unique in a ball in 
centered at the randomized data S'(t)uo,aj- For the solution produced by Proposition 
15.31 this characterization is extended to jr intervals of size Tq for some Tq > 
sufficiently small. That is, for each j = 1, . . . , ^, u is the unique solution to (II. 6p 

-+S -—5 

for t G [jTo, (j + l)To] (with data M(jTo)) in a ball in ^yjij (j+i)To] centered at S(t — 
jTo)u{jTo). 

Proof of Proposition 15. 3[ We will prove this proposition with T* = 1. It will be 
obvious, after the proof, to see how this argument can be generalized to any value 
of T* > 0. Let 5 > 5i > ^2 > be sufficiently small such that we can apply 
Theorem [T] twice, first with 6 and 6i matching here and in the statement of Theorem 
m and second with 6i and 62 playing the roles of 6 and Si within Theorem [H Let 
T > be sufficiently small such that Theorem [T] applies with both sets of parameters. 
Denote by Qi^t C Q and fl2,T C fl the sets of "good data" produced by our first and 
second applications of Theorem [H respectively. Also let Qt = ^i,r H Q2,t- Then, in 

c 

particular, P(f2^) < e tP , and the conclusion (11.81) holds true for u G Qt- By the 
triangle inequality, for each u G Qt, and every M > A^, we have 

(5.13) II [<^>''{t)FM - $^(t)Pjv - S{t){FM - Fn)]uo,J^i+s, < N-', 

for t G [0,T]. 
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Our next objective is to extend fl5.13p to the interval [T, 2T]. Let 

l<|n|<Af ' ' ^ 

^ - — ' C _ 

Then we have pi^fl'yj,) < P(f2^) < e~T^, and by Cauchy-Schwarz and Theorem El 

Hm{^m,t) = / fM{u)dp 



J 6 » 



< \\fN{u)\\L^dp)\^p{^M,T] 

(5.14) <e"^, 

for the appropriate constant c > 0. It follows that fl5.13p holds if uq G ^m,t with 
^ i_ 

Pm{S^%it) < 6 tP , In particular, letting ui = (T)FmUo, we have 

(5.15) \\u, - [<^''{T)Fm + S{T){Fm - ^n)]uo\\^^^s, <N-'. 
Separating fl5.15p into low and high frequencies, 

(5.16) -Fr,)u, - S{T){Fm -F^)uo\\^i+s, <N-', 
and 

(5.17) IIPatMi - <l>^(T)P;vno||^i+., < N-'. 
For future use, notice that f l5.16p easily gives, for t G [0,T], 

(5.18) \\S{t){I - F^)u, - S{t + T){Fm - Piv)wo||^i+., < iV-^ 

Next suppose that ui G ^m,t (i-e. suppose that ui is "good data" up to frequency 
M). Then we can apply ( 15.13P to find, for t G [0,T], 

II [^''{t)FM - $'^(t)P7v - S{t){FM - Piv)]«i||^i+., < 
Or, equivalently 

(5.19) \\<^''\T + t)FMUo- [<f^(t)P^ + 5(t)(PM-P7v)]wi|| 1+., < iV-^ 



Furthermore, since Ui is "good data", we have (by adapting the justification of prop- 
erty (iv) in the proof of Theorem [1] to the truncated system (15. 4p ) that $^(t) is 
Lipschitz - with the same Lipschitz constant for all > - on a ball in H^^^^ 
centered at Mi, and f l5.18p gives, for t G [0,T], 



(5.20) ||<|.^(t)izi-$^(r + t)Pwizo|| 1+., <N-'. 
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Combining flSTTSj) . f lSTTOj) and flOOj) . we have for te [0,T] that 

II [<^'\T + t)PM-<l>^(T + t)P^ - S{T + t){FM - Pjv)] wo||^i+., 

< ||$^^(T + t)PMno- [<f^(t)Pjv-5(t)(PM-P^)]ni||^i+,^ 

+ ||$^(t)P7V«l - $^(T + t)P;vMo||^i+., 

+ \\S{t){FM - ^n)ui - S{T + t){FM - Fn)uo\\^i^,^ 

(5.21) < iv-^ 

This process can be iterated to extend (15.131) to the interval [0, 1]. More precisely, 

if 

uo e Am,t := ^M,T n ($^(T))-inM,T n ■ ■ ■ n (<i>^(T))-^fiM,T, 

where ~ we can repeat this procedure k times to obtain 

(5.22) II [$ *'^(t)PA/ - $'^(t)Piv - 5(t)(PM - Piv)]%||^i+., < C^iV-^ 
for all t e [0,1]. 

By the invariance of the truncated Gibbs measure under the flow $^'^(t) (Propo- 
sition 15. 2p , we have 

k k 

/^M(Akr) < 5^/XM((($*'(T))-'=fiM,T)'=) = E/^^^(^m,t) 

(5.23) < ^e-^ -> 0, 
as T ^ 0+. 

Following the definition found in Remark [TO] (of the Appendix), we let 

(5.24) Mt := fiT(O) H ■ ■ ■ H nrikT) C fi. 



where A; ~ ^. Then 



k 

P(M^)<^P((nT(jT))'=)<-e-^. 



T 

If we take Qt ■= { En^o ^e*"^' : w e Mt], we have by Theorem [3] that /i(fi^) < 
■^e~T^. Then for any o" > 0, by fl5.23p . we can pick Tq = To(cr) sufficiently small 

such that /iA/(A2f,To) < 7T ^^^^^ M > 0, and ni^To) < 7T- 
Then consider 

: = fi^o n lim sup An,To 

7V-s>oo 
oo oo 



M,To- 



N=l M=N 
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We will show that /i(A^) < o. By Fatou's Lemma we have 
(5.25) //(limsup Aat^To) > linisup/i(A7v,To)- 

We also have /i(Aiv,ro) = Xv^^^ f{u)dp{u) and /i^(Aiv,To) = /a^^^^ fN{u)dp{u). Ap- 
plying Proposition I5.H we have 

lim {p{Kn,To) - /Lt7v(A7v,To)) = 0. 

Then using Corollary O we have 

lim sup p (An,To ) = lim sup fiN (An,To ) = lim sup fiN (H^'\T)) - fiN (^n Tq ) 

a 



(5.26) > limsup /i^(//5-'5(T)) _ = ^(//^-'^(t)) _ 



2' 



Combining fl5.33p and f l5.26p we have 

/i(limsupA^,To) > f^{H^'''{T)) - 
SO that 

/i((limsupA7v,To)'') < -• 

It follows that yu(Aj^) < a. 

Next, for mq G A^., we will use the estimate f l5.22p to extend the truncated solutions 
to a full solution u (of (11. 6p ) for all t G [0,1]. Indeed, for u G A^., given any 
N2 > Ni > 0, we have w G A7Vf,To for some M > N2. Then by the triangle inequality 
and (I5.22p . we have 

II [($^Ht)P;v. - Sit)F^,) - ($^nt)P7v. - 5(t)P^J]«o||^(p^,j^^i+.,) 

(5.27) < C(a)iVr'- 

That is, the sequence {^^{t)^^ — S{t)¥N)uo is Cauchy in C([0, 1]; if 2 +-51) and con- 
verges to some V G C([0, 1]; H^+^^). 

Let $(t)'Uo S{t)uo + 2^. Then we have 

(5.28) II [m - S{t) - (<|.^(t) - ^W)Pa^]«o||^(p^,j^^i+.,) < Cia)N'^. 

We claim that V = V{^{t)uo,^{t)uo,^{t)uo,^{t)uo), and $(t)Mo is a solution to 
(II. 6p with data Uq. To reach this conclusion we repeat the analysis of section |4] on 
the interval [j'Tq, (j-l-l)To] for each j = 1, 2, . . . ^. We obtain u, a solution to (II. 6p for 
t G [jTq, (j -|- 1)^0] with data $(jTo)uo, as the limit of a sequence of solutions to (ll.6p 
with truncated data $^'=(jTo)Piv^Mo. Then we prove that solutions to the truncated 
equation (II. 7p converge to the same limit, and therefore u = $(t)'Uo satisfies (II. 6p . 

More precisely, given uq G A„, there exists a subsequence A^^ — )■ 00, as — )■ 00, 
such that for each k > 0, ^^''{jTQ)Fj^i^uo G fiTVfe.To, for all j = 1,2, ... ^. That is, 
for every > 0, j = 1, 2, . . . ^, $^'=(jTo)PAr^Mo is "good data" (up to frequency A^^^). 

Consider the sequence of solutions u^'' to (11.60 with truncated data $Arj.(jTo)PArj.Mo 
evolving from time t = JTq. These solutions exists globally in time by the results of 
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P |30]. In particular, for each j, the solution u^''{t) exists for t G [j'Tq, (j + l)To]. 
We first claim that for each j = 1,2,...,^, there exists e > such that for every 
k > I > K^^a) sufficiently large, 

(5-29) Ikf II 1 _5„yTo,0-+l)T„] < 

(5-30) P«'=)lli-.a-^U.To,0-+i)T„]<^> 

(5-31) ll«f -<1li-.a-^U.To,0-+i)T„] < C'i(a)iV-, 

(5.32) ||P«'=) - 2^«0lli+.„i-.u.To,O-+i)T„] < C'2(a)iVr^ 

These inequalities are established in a manner very similar to the justification of 
fl4.48p - fl4.50p found in the proof of Theorem [H In particular, each solution u^'' 
is evolving from "good data", and f l5.29p - fl5.30p follow automatically for uq G A^. 
foUowing the justification of fl4.48p - fl4.49p (using Proposition 13.11 and Proposition |32])- 
To prove fl5.3ip - fl5.32p we have to work a bit harder, since although each solution u^'' 
is evolving from "good data" at time t = j'Tq, for different values of k, these solutions 
are not necessarily evolving from frequency truncation of the same data. 

In particular, we cannot use Proposition 13.11 directly to control an expression of (for 
example) the type J\f{u^'',u^\u^'',u^'') with k > I, as Proposition 13.11 invokes the 
"type (I)-type (II)" decomposition with respect to the same randomized data in each 
factor. However, we can avoid this issue by using a telescopic summation of V{u^'') — 
V{u^'), for k > I, where u^' only appears in factors of the form u^'' — u^'. That is, 
any factor of the type can always be decomposed as u^'- = u^^ — {u^^ — u^'-) to 
produce two terms, one with the factor u^'', the other with u^'' — u^'. Furthermore, 
by beginning with the telescopic summation(s) used in the proof of Theorem [H we 
can ensure that each term has at least one factor of the type u^'' — u^' . 

Then we can decompose 

«f (t)-«f (t) = S{t - jTo)($^^(jTo)P^,«o - $^KjTo)P;v,«o) + Vf^it) - (t) 

= 5(t - jTo)(P^, - P^J$^Hj^o) + S{t-jTo){FNX'^''''{jTo)uo - $(jTo)no)) 

(5.33) 

+ S{t - jTo)(P^^(<l>^Hj^o)no - $(jTo)wo)) + Vf^it) - Vf{t), 

where Pf'=(t) = f.^^ S{t - t')Af{uf''{t'))dt' . The first term in fl533D can be treated 
as type (I), matching the contributions from other factors that are either produced 
from u'j^'' — u^'', or u^'', so that Proposition 13.11 is applicable. The last three terms 
in fl5.33p can be treated as type (II) by using fl5.28p . With these modifications, we 
can use Proposition 13.11 and Proposition 13.21 to obtain that for uq G A^-, we have 

II N,u 

ll^i ll|-<5i,^-5i,[iTo,(i+l)To] 



(5.34) < T^'-C{a)Nf' + \\Vp - V'^ 



N, 



2 



+Si,^-5i,[jTo,{j+i)To]^ 
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and 

'^^/||i+5i,i_5i,[jTo,(i+l)To] 



< T^{C{a)Nr + Ikf- - <'lli-.a-^U.To,0--M)ro] + " ^^f lli+..i-^U.To,0>i)To] 
(5.35) 

■Ze{C{a)N~',2R,2R), 

where Zq{x, y, z) is a polynomial of degree 6. 

The constants R,R>0 are fixed (to our choosing) in the statement of Theorem 
[TJ We can impose on Tq > 0, in a manner that depends only on R and R, such that 
if f l5.34p holds, and we further have 

W^j ll|+<5i,f-5i,[jTo,{i+l)To] 

(5.36) 

■ Zq(^R, 2R, 2i?), 

then by rearrangement it follows that (15.3ip -( !5.32p hold true. Then we choose Ko = 
Kq{To) sufficiently large such that C{a)N]^l < R. For k > I > Kq, (15:351) implies 
(15^ . and f l53T|) -( l532|) are satisfied. 

It follows that u^'' and V^'' converge in X^!^^^*^^^.'^^^!^^ and X^^^^^^^-^^^r^^, respectively, 
as — )■ oo. As in the proof of Theorem [T], we proceed to show that, for each 

j ~ 1) 2, . . . , jT, 

(i) uf" ^ue C{[jTo, (j + l)To]; if^-^i), a solution to (dS]) with data $(jTo)mo- 

(ii) The estimate 

(5.37) \\u{t) - Sit)uo - («f^Hi) - 5(i)PivJ«o||^([,^^.^^j^^i..,(,„ < (C(a))W- 
is satisfied. 

From (i) and (ii) (and ( K28^ ) it will follow that u{t) = ^{t)uo solves ([M]) for t e [0, 1]. 
We proceed to justify (i) and (ii) by induction on j = 1,...,^. The base case 

(j = 0) follows from the conclusions of Theorem 1, which hold since G A^- C Qto 
by construction. Now suppose (i) and (ii) hold up to some j, and we wish to extend 
these results to t G [j'Tq, (j + l)To]. 
By (i) and (ii) we have 

<!>{t)uo = S{t)uo+ [ S{t-t')Mmt')uo)dt' 
Jo 

for t e [OJTq]. We also have, for t G [OJTq], that J^Sit - t')Af{<!>{t')uo)dt' = D{t) 
is the convergent of ($^(t) — S{t))F]\fUo in C([0, 1]; H^^^^), and we therefore have 

(5.38) II r5(t-OA/-($(0-o)rft'||^,,^.,,^,^..,) < ^ 
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for some constant < C4 < oo. We also remark, that if (ii) holds, then we have 



(5.39) ||(/-PArJS(t-jTo)$(jToHlL ^0, 



as A; — )■ 00. _^ ^ 

Let Uj denote the convergent of u^'' in X^-j,^ o+i)To] • wish to show that 



(5.40) 



Ujit) = Sit - jToMjn)uo + [ S{t- t')Af{u,{t'))dt'. 



fortG [jTo,(j + l)To]. 

As in the justification of this property during the proof of Theorem [1] (where we 
established (14.291) ). we have 



s{t-t')^^o{uf'^{t'))dt' ^ / s{t-t')^^o{u,it'))dt' m xl^\^^, 



and 



r S{t-t')K{uf'^{t'))dt'^Vr„ in 4St)To]' 

•^3 To 



for r = —1, 1, 2, 3, 4, where each Vrj G X^^j,^^ (^j^^i-^Xo]- then express 

u,{t) - S(t - jTo)$(jTo)no = u,{t) - uf'{t) + (/ - P^J5(t - jTo)$(jTo)no 

- S{t - jTo){FmMjTo) - $ ^Hj^o)P7vJno 



+ J2f s{t-t')K{uf''{t'))dt' 

r=-l J jTo 
ft 4 

/ S{t-t')Mo{u^''{t'))dt' + 



in X^j,^ (^-^i^^g], as A; — )■ cxD. It remains to show that Vrj = Vriuj) for r = —1, 1, 2, 3, 4. 
We follow the approach taken in the justification of (14.291) . This argument requires 
modification in several ways. As above, we use a telescopic summation that only 
includes factors of the form Uj — u^'' or Uj. If u^'^ appears in a factor by itself, it can 
be expanded as uJ'' = Uj — {uj — u'j^'')- For the type (I)-type (II) decomposition of 
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factors of the type Uj — u^*" , we consider 

u,{t) - (t) = (/ - PNjS{t - jToMjTo)uo 

+ S{t - jTo)(P^,<l>(jTo) - <I>^Hj^o)P7vJmo 

+ r S{t-t'){Afo{u,{t'))-Afo{uf^{t')))dt' 

4 .t 

+ Kj-/. s{t-t')K{uf'{t'))dt') 

= {I-PM^){S{t)uo + Sit-jTo) / S{jTo-t')Mm')uo)dt') 

Jo 

+ {I-PN,)S{t-jToMjTo)uo 

+ Sit - jTo)(P^,$(jTo) - <I>^HjTo)PjvJmo 

+ r S{t~t'){Aro{u,{t'))-K{uf'{t')))dt' 

4 .t 

(5.41) + J2 K^--/ S{t-t')K{uf'{t'))dt'). 

r=-l,r/0 ''^'^0 

Similarly we decompose contributions from factors of the type Uj as follows 

rjTo 

u,{t) = S{t)uo + S{t - jTo) / ^(jTo - t')Afmt')uo)dt' 

Jo 

nt 4 

(5.42) + / S{t-t')Afo{uj{t'))dt' + ^rj- 

J jTo r=_l,._^0 

The first term on the right-hand side of both fl5.4ip and fl5.42p can be treated as type 
(I) on the interval [jTo, (j + l)To]. This is not entirely obvious, because the initial 
data is not propagating from "good data" at time t = JTq, but rather from data at 
time t = 0. This is not a problem, however, because we defined Mt, and A^- in 
a way that manages this complication (see (15.241) above, and Remark [10] for more 
discussion). The second term on the right-hand side of both fl5.4ip and (15.420 can be 
treated as type (II), and estimated with the higher temporal regularity b = | + ^i, 
since by (15. 38 p . we have 

\\Sit - jTo) r'^SijTo - t')^^mt')^^o)dt'\\ 

< II r " sun - t')Afmt')uo)dt'\\^i_,^ < Br,, 0, 

as /c — )■ oo. The remaining terms in (I5.4ip and (I5.42p can (as in the proof of Theorem 
[1]) be treated as type (II) and estimated in the higher regularity 6 = | -|- 5i, or for 
the contribution from Aq, through the second iteration. With this strategy, we have 
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by Proposition 13.11 and Proposition I3.2[ that for r = —1, 1,2,3,4, 

5(t-0(ACK<tO)-AC(<'=(t')))rf^'IU+5,i+^u.To.a+i)To] 



jTo 



<T'(^C,ia)N,^ + B^^ + \\u, 



Nk II 

Uj \\i_Si^-Si,ljTo,U+l)To] 



+ II / 5(t-0(A/'o(^.<tO) -A/'o(«r(t')))rft1li+.,,i-.u.To,0-+i)To] 

JjTo 

4 rt 

+ E W^r,- 5(i-i')A/;«'=(i'))rfi'lli+^a+.U.To,0-+i)To]) 

r=-l r=^n Jj'^0 



r=-l,r^O 

as — )■ cxD, where the imphed constant in the last expression depends on R and R. It 
follows that Vrj = Jjj,^ S{t — t')J\fr{uj{t'))dt' for r = —1, 1, 2, 3, 4, and we have justified 
f l5.40p . The conclusion of point (i) has been established for t G [jTo, (j + l)To]. 

We turn to the justification of point (ii) for t G [jTo, (j + 1)Tq]. Again we closely 
follow the argument used in the proof of Theorem [1], specifically we follow the justi- 
fication of fl4.69p in lines f l4.58p -f H:.69p . In fact, the only modifications required are 
very similar those described above in the discussion of point (i). For j = 1, 2, . . . , ^, 

let uf^it) = $^'=(t)P^,(Mo)- We first claim that for % G A^, we have 

II ~ Affc II ^ D 

\\Uj l|i-5i,i-5i,yTo,(j+l)To] ^ ^) 

(5-43) ||i+5„i-5i,yTo,(i+l)To] < ^• 

where Vj{u){t) = f.^^ S{t - t')M {u{t'))dt' , Vj := Vj{u), and Vf" := FN.Vjiuf"). In 
fact this is automatic from the same justification as fl5.29p -( [5.30p . since each -u^* is 
evolving from "good data" $^''(jTo)Piv^'Uo G QNk,To- Next we claim that 



\u — u. 



(5-44) \\V, - I^f IU+.„^^,,UTo,0-+i)T„l < C,{a)N^ 



where the implied constants in fl5.44p depend on R and R. The justification of (15.440 
follows that of fl4.59p closely, but once again we use two modifications: a telescopic 
summation of Vj — V^'' which only includes factors of the form u or u — , and a 
decomposition of u and u — u^'' as follows: 

/jTo 
S{jTo-t')Arm')uo)dt') 



+ S{t - jTo)(P^,$(jTo) - $^Hj7^o,^ .V, 



(5.45) +v,it)-V^''it) 
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and 

(5.46) u{t) = S{t)uo + S{t - jTo) / S{jTo - t')^mt')uo)dt' + Vj. 

Jo 

With (IH^II]) in place, it follows that 

MtySit - jTo)$(jTo)«o + WPiv.^o - Sit - jTo)$^HjTo)«oil^(y^^ 
= 117). — V^i'W 1 

" ^ ^ ^^C{[jTo,{j+m];H^+'HV) 

I J, 

< C7{a){N^' + \\U - nf II i_25,+fc,i_5,,yTo,{i+l)To] 

(5.47) 

+ IIP, -P,P^,I),(«f )||i+,,,i_,,,y^„,y+i)^J < Cs{a)N-^. 
By ( I5.47P and the triangle inequality, 

\Ht) - sit)uo + ($-Ht) - ^W)P-.«oll^(,,„,,.,,),,^,...,(,, 

< Mt) - Sit-jToMjTo)u, + <l>^Hi)P7v,% - 5(t - jTo)<l>^HjTo)%||^(y^^_(^.^,)^^,^^ 
+ ||<l>(jTo) - SijTo)uo + (<f^HjTo) - 5(jTo))P^,«o||^i+.,(^) 

(5.48) 

< C9(a)iV-. 

Finally by our inductive hypothesis this gives 
||.(t) - S{t)uo + ($-Ht) - ^W)P-.-oll,,,,,,),,^,i...(,, 

< ||.(t) - Sit)uo + ($-Ht) - ^(^))P-.-o||^,,^.,,^,...,(,„ 

+ ||.(t) - s{tH + - ^W)P-.-oll^(,,„,,,,),,^,^..,(,„ 

(5.49) < Cio(a)iV-^ 

With fl5.49p we have justified point (ii) on the interval [JTq, (j + l)To]. The proof 
by induction of points (i) and (ii) is complete. The justification of uniqueness as 
described in Remark [8] is easily established following the proof of Theorem [T] (and 
the modifications outlined above). The proof of Proposition 15.31 is complete. □ 

5.4. Invariance of the Gibbs measure. In this subsection we prove Theorem [2l 
The main ingredients of this proof are: (i) weak convergence of the finite-dimensional 
Gibbs measures (Proposition 15.11) . (ii) invariance of the Gibbs measure under the fiow 
of (15. 4p (Proposition [5]2]), and (iii) the existence of global- in-time solutions to (11. 6p in 
the support of the Gibbs measure with a good approximation to the finite-dimensional 
dynamics (Proposition 15. 3p . 

Proof of Theorem\^ Given n,j G N, let Tj = 2^ and (T„j = Also let A^^.^Tj 

be the subset of H^~^'^{T) produced by Proposition 15.31 with a = anj and T* = Tj. 



52 GEORDIE RICHARDS 

Define S„ := n°^iA<,„^.,T,, so that /i(S^) < i By taking S := U^=iS„, it follows 
that fJ^iJ^^) = 0. Moreover if uq G S, we have Uq G n°^]^Ao-^^. 7-^., and fll.6p is globally 
well-posed by the conclusions of Proposition 15.31 

Next we prove that the Gibbs measure /i is invariant under the fiow. For uq G S, 
let ^{t) denote the data-to-solution map of (11 .Gp . One formulation of invariance is 
the following: for all F G L^(/J2"^i (T), (i/u), we have 

(5.50) / F{<l>{t){u))dfi{u) = I F{u)dn{u) 



for all t > 0. It suffices to establish (I5.50p on a dense set in L^(H^ ^^(T),dn), in 
particular we choose "H C L^{H2^^'^(T)^d^) given by 

(5.51) ^ ~ LJ ~ F{u-N, • • • , un) bounded and continuous}. 

Fix F G 7/, and k, > 0. For > sufficiently large we have 



F{u)d^M{u) = / F{u)fN{u)dp. 
Jt, 

We also have F{u)dfi{u) = F{u)f{u)dp{u), and by boundedness of F combined 
with Proposition l5.lt it follows that 3A^i > such that for N > Ni, we have 

F{u)dp{u) — j F{u)dpN{u)\ 

(5.52) +\ j^F{^{t){u))dp{u)~ j^F{^{t){u))dpN{u)\<'^. 

1 K 

Let n > be sufficiently large such that — < — - — - — . Then we have 

n 32||F||ioo 

F{^{t){u))dpN{u) - I F{^N{t){u))dpN{u)\ 

(5.53) < 2||F|Uoo/i^(S \ S„) < 2\\F\\l^pm{K) < \. 

for sufficiently large, where we have used Corollary [2] in the last line. 

By continuity of F, there exists 7 > such that if ||$(t)no — $^(t)PArMo|| rr^-b. < 

7, then |F(<l>(t)Mo)-F(<l>^(t)PjvMo)| < g^^^i\^^^^ - ^or G S„, we project 

to i?7v to obtain, for all A^ ^ 0, 

(5.54) \Mt)uo - $^(t)PArWo||^i+.,(^) < Cin)N-'. 

Taking N > N2 sufficiently large, we have ||$(t)Mo — ^'^ i'tW nUo\\ ^^s^^ ^^-^ < 1, and 
|F($(t)no) - F(<l>^(t)FNUo)\ < is satisfied. This gives 

(5.55) I /" Fmt){u))dfiM- [ F{^N{t){u))dfi^{u)\<j. 
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We also have, by Proposition 15. 2[ for all t > 0, 
(5.56) / F{<l>Nit){u))dfiN{u) = I F{u)d^iN{u). 



By combining fl5.52p , fl5.53p , (15.551) and (15.561) , we conclude that for iV sufficiently 
large, we have 

F{^{t){u))d^i{u) - j F{u)d^i{u)\ < K. 

Since n was arbitrary, we conclude that F{^(t){u))dfi{u) = F{u)djj,{u), and the 
Gibbs measure /x is invariant under the flow of ( 11. 6p . 

We have now established global well-posedness of (II. 6p on a set S C H2-^^{T) 
of full /i-measure, and invariance of the Gibbs measure under the flow. Let us now 
describe how this extends to global well-posedness almost surely, with randomized 
initial data given by (II. 5p . From the deflnition of /x, it follows that 

P{{uj e n : no,^ G \\uo\\l2 < B}) = 0. 

Recall that our initial choice of -B > (in the deflnition of the Gibbs measure /i) was 
arbitrary. By the large deviation estimate (Lemma 12. 5p . for all n G N, there exists 
Bn > sufficiently large such that 

(5.57) P({cu G Q : ||mo||l2 > BA) < 

n 

By the arguments above, for each fixed n G N, there exists a corresponding sequence 
of Gibbs measures and /iB„-measurable sets S^,^ C H'i^^^iT) such that (11.61) is 
globally well-posed for uq G and such that 

(5.58) P{{u G n : u^,^ G holU^ < 5„}) = 0, 

for all n G N. Let Vt := IJ^il"^ ^ ^ • ^o,w G 5]b„}, then P(f2) = 1, and for each 
w G ll, we have Mo,a; ^ fo^^ some n; global well-posedness of (II. 6p with data Mo,a; 
follows. The proof of Theorem |2] is complete. 

□ 



6. Proof of nonlinear estimates 

In this Section we prove the crucial nonlinear estimates (Proposition [3]T] and Propo- 
sition [3]2]). We follow the definitions and notations of Section [31 In Subsections 16. Hl673l 
we establish Proposition 13.11 In Section 16.41 we present the proof of Proposition 13.21 
These proofs will rely on certain lemmata, and the proofs of these lemmata can either 
be found in Section 5.2.5 of [29], or elsewhere in the literature, as indicated below. 

6.1. Setup. In this section we prove Proposition 13.11 using two sets of estimates: 
quadrilinear probabilistic estimates (see Proposition 16. 3l below). and heptilinear prob- 
abilistic estimates (see Proposition 16. 2p . The proof of Proposition 16.31 can be found 
in Section W72\ and the proof of Proposition 16.21 is in Section 1631 
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We begin by identifying the exact form of the multihnear expressions appearing 
in Proposition 13.11 Following the reformulation f ll.20p . we consider the multilinear 
function 



A/'(mi,M2,M3,M4) := P[(mi)xP(m2M3M4)] " IP(m2) / (mi)^M3M4 - P(m3) / (mi)xM2M4 

JT Jt 

- P(U4) / {Ui)^U2Us - P(m3M4) / (Mi)x^2 " ^{UiUi) / {Ui)^U^ 

JT Jt Jt 

(6.1) -P(m2M4) / {Ul)xU4- 



We also let 

V{ui,U2,U3,U4) := / S{t -t')Af{ui,U2,U3,U4)(t')dt'. 

Jo 

We will use the notation Af{u) := Af{u, u, u, u) and Viu) := V^u, u, u, u). With these 
definitions (due to the reformulation fll.20p of (11. 6p ) u solves (II. 6p for t G [0,T] with 
data uo,w given by (II. 5p if and only if 

(6.2) u = S{t)uQ^^ + V{u) 

for all t G [0,T]. For fixed n &'L \ {0}, t G M, consider the n**^ Fourier coefficient of 
A/'(ui, M2, Us, M4)(t) (we suppress the dependance on time below) 



(Ar(Mi,M2,M3,M4)) {n)= (^P[(mi),P(m2M3M4)] - ^{^2) j 

- P(m3) / (mi)xM2M4 - P(m4) / (mi)x'M2M3 " ^{usUi) / {ui)^U2 

Jt Jt Jt 

-¥{U2U4) / {ui)xU3 -F{U2U3) / (Ml)xtt4 I (?^) 



{^n^)u,{n,){¥{u2U3U4)y{m,) - (F{u2)) 



n=ni+mi 

-(P(m3))''(^) / iUi),U2U4-{nU4)Tin) I iui),U2U3-{nU3U4))''in) I (mi),.M2 



(6.3) - {¥{u2U4)r{n) / (mi),.U3 - (P(u2n3))^(n) / (mi).M4. 

7t Jt 

Using J^w = w{0), we find 
(0=1 ^ ^ ^ UiMi(ni)M2(n2)u3(n3)u4(n4) 

\n=niH hn4 fc=l n=niH [-"4 fc=2 r»=niH \-n4 / 

(6.4) = I X] ~ 5Z pi^i(^i)^2('^2)M3(n3)M4(n4), 
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where 

Ci{n) = |(ni, 77,2, 77,3, n^) ^1} : n =ni + n2 + + n^, n 7^ for each k G {1, 2, 3, 4}, 

and 111 7^ —rij for each j G {2, 3, 4}|, 

and 

C2{n) = |(ni,n2,n3,n4) e Z'^ : n =ni + n2 + + ^4, with nk,nj G {n, -rii}, 

for some 7^ j, A;, j G {1, 2, 3, 4}, 
where Uk = n if k = 1 (and rij = n if j = 1)^ . 

We define ({n) := Ci('^) U C2{n'), and abuse notation by taking := — 

C(n) Ci(n) C2(n) 

With (I6.3p and (I6.4p (reinserting the dependance on time) this gives 

(6.5) (N'{ui,U2,U3,U4)^ {n,t) = ^(mi)Mi(ni, t)M2(n2, t)M3(n3, t)M4(n4, t). 

C(n) 

We remark on one more restriction in frequency space. All of the factors Uj we 
will consider will be solutions to (11. 6p (equivalently (ll.20p ) or the truncation of these 
systems to finite dimensions. In all cases, the input factors are functions with mean 
zero for all time. Thus, we may assume that: 

(6.6) Each ^ 0, for A; = 1, 2, 3, 4. 

To avoid cumbersome notation, we will not carry this restriction with us in notation, 
but we will rely on this property from time to time. 

We will now present the proof of Proposition 13.11 That is, for 5 > sufficiently 
small, any 5o > such that 5 > (5o, and any < T ^ 1, we prove there exists 

_ c 

e, /3,c,C > with (3,e 6, 60 and a measurable set Qx ^ satisfying P{Q^) < e 
such that if a; G fir, then (I3.5p - (l3.7p hold true. To simplify presentation, we will prove 
the estimates (I3.5p -( 13T|) with 60 = 0, and provide a discussion (see Remark [9] below) 
for generalizing to < 5o < ^- The estimates (I3.5p -( 13T|) will follow from standard 
linear estimates (Lemmas 12. 1112. 4p and the probabilistic nonlinear estimates given by 
the following propositions. 

Proposition 6.1. For 6 > sufficiently small, and any < T ^ 1, there exists 

— ^ 

e, (3,C,c> and a measurable set fir C Q satisfying P(fi^) < e and the following 
conditions: if u & Qt, then for every quadruple of Fourier multipliers Ai, . . . , A4 
defined by 

A»/(ra) = XM,<\n\<Kjin), 
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for some dyadic Mi,Ki, we have the following estimate: 

\\M-liX[0,T]Ul, X[0,T]U2, X[0,T]U3, X[0,T]Ui)\\ i+s,~i+s 
4 

(6.7) < CT-f^HiMr^ + \\u,\\^_s^^_s^^ + \\u, - Sm,M\\i+si-s,T)- 

Proposition 6.2. For 6 > sufficiently small, and any < T ^ 1, there exists 

_ c 

e, f3,C,c> and a measurable set Qt C Q satisfying P(f2^) < e and the following 
conditions: if uj VLt, then for every Fourier multipliers A5 defined by 

= XMs<\n\<Kj{n), 

for some dyadic M^^K^, we have the following estimates: 

||M(^^(X[0,T]«5, X[0,T]%, X[0,T]M7, X[Q,T]Us), X[0,T]M2, X[0,T]M3, X[G,T]Ui) \\^^+S-\+5,T 

< CT-^{N^' + \\u,\\i_s_s,l-5,T+H - 5WA5KJ||i+5-5„i-5,T) 
8 

(6-8) • n ll«illi-<5-<5,,i-5,T, 

||M('Po(X[0,T]M5, X[0,T]M6, X[0,T]%, X[0,T]%) , X[0,T]M2, X[0,T]%, X[0,T]^i4) || ^^+5-^+5,T 
8 

(6-9) • n ll^illi-5-5,,i-5,r- 

Remark 9. Notice that in Proposition 16. II and 16.21 we have taken 60 = (compared 
with Proposition 13. ip . It is not hard to prove that, for the set Qt produced by 
these theorems, if w G Qt, then the inequahties (16. 7p and (I6.8p - (l6.9p hold for any 
fixed < 60 < 6. This is because, as can be observed a posteriori, the proofs of 
Proposition 16.11 (or rather, of Proposition 16.31 found below) and Proposition 16.21 will 
be flexible with respect to this particular manipulation. 

If we wish to prove the statement analogous to (16. 7p with < 60 < 6 (see the 
statement of Proposition 13. ip . then on the left-hand side of the inequality, we will 
have lowered the spatial Sobolev regularity to s = ^ + S — 60 from s = | + 5. This 

amounts to having the factor Inl^"^^"*^" in the nonlinear estimates below, instead of 
|r;,|2"'"'^ (e.g. in the lines (I6.27P ). 

In every case of each nonlinear estimate we establish below (excluding Case l.b. in 
the proof of Proposition 16.31 which we discuss in the next paragraph), we control the 
factor |?T,|2+'' using the estimate |?t,| < A^°. That is, we control this factor using terms 
in the denominator that are known to be of the size iV° (see, for example, (I6.44p ). 
This means that we can replace |n|2+'' with |n| 2+'^~'^o|j^^|i5o^ fQj^ ^^y A; = 1,2,3,4 (or 
k = 2,3,4,5,6,7,8 for the heptilinear estimate (I6.8P ). This allows us to lower the 
spatial Sobolev regularity of any one of the factors on the right-hand side by the same 
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amount 6q > 0. That is, we can establish the nonhnear estimate with < 5o < 5 as 
stated in Proposition 13. II 

We should comment that, in Case l.b. during the proof of Proposition 16.31 we did 
not use the estimate |n| < N^. However, it is easily verified that we can still lower the 
spatial regularity of any one of the factors on the right-hand side by a small amount 
So > (the estimates in this case have some room to spare). 

Remark 10. There is another flexibility implicit to the nonlinear estimates of Propo- 
sition [6lT] and Proposition 16.21 (and thus Proposition 13. ip . which was, in fact, already 
used in the globalizing estimates of Proposition 15.31 (in Section |5]). Specifically, the 
time interval [0,T] can be replaced with an interval I of length T. Furthermore, we 
do not need the randomized data S{t)uo,u] to evolve from time t = 0. In particular, 
we can prove Proposition 13.11 replacing S(t)uo^i^ with S(t + tQ)uQ^^, for any to ^ 
as the linear evolution of gKdV preserves the Gaussian probability densities of the 
(independent) randomized Fourier coefficients in f ll.Sp . However, by varying the 
probabilistic set VLt = Qxito) varies as well. We can use this flexibility (varying 
to G M), but the measurable set of good data produced by Proposition 13. II changes. 

We will stick to the following notation: ^^(^o) is the set satisfying the conclusions 
of Proposition 13.11 on the time interval [to, to + T] (instead of [0,T]) with initial data 
Uq^w evolving from time t = 0. 

Before we prove Proposition 16.11 and Proposition 16.21 let us use them to establish 
Proposition 13.11 

Proof of Proposition Apply Proposition 16.21 and suppose u G Qt so that the 
estimate fl6.7p holds true. Note that by the equivalence 

X[0,Tp{Ui, . . . , M4) = X[0,Tp{X[0,T]Ul, X[0,r]M4), 

we have 

\\V^l{Ui, U2, M3, M4) II 1+5, i+5,tII < ll^-l(X[0,T]Ml, X[0,T]M2, X[0,T]«3, X[0,T]Ui) \\ l+5,l+5,T- 

Applying Lemma [2. 4 [ Lemma [2. 3 [ and fl6.7p . we find 

||'P-l(X[0,T]«l, ■ • ■ ,X[0,T]M4)||i+5,i+5,T 

< P-l(X[0,T]Ml,- • • ,X[0,T]M4)||i+5,i+5,T 

< l|A/'-l(X[0,T]Ml, • • • , X[0,T]M4) II 1+5,-1+5 

4 

< T'^HiMr^ + \\u,\\i_s,i_s,T + - ^(t)A,(wo,.)||i+5,i-5,T)- 

i=i 

The proof of (13. 5 p is complete. The justification of (I3.6p -f l3l7|l follows from fl6.8p - (l6.9p 
using the same type of argument. This completes the proof of Proposition 13.11 □ 

For the proof of Proposition 16. H we will use a dyadically localized estimate (this 
will not be necessary for the proof of Proposition 16. 2p . That is, we will establish 
probabilistic quadrilinear estimates which are independent of the Fourier multipliers 
Ai, . . . , A4 appearing in the statement of Proposition 16. II In the following, subscripts 
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with capital letters denote dyadic localization; i.e. uj^. = (x|n |~Ar ^i^)^ for A'^- dyadic. 
Let 

fo,j '■= II^AfJ i+5,i-5,r' 

fid ■= ^i' + \\^N,h^-5l-S,T + ll^iVj - ('S'(t)%,a;)AfJ i+5,i-5,r- 

Here is the dyadically localized probabilistic quadrilinear estimate. 

Proposition 6.3. For 6 > sufficiently small, and any < T ^ 1, there exists 
a, (3, K,C,c > with f3,a, k 6 such that for every quintuple of dyadic frequencies 
A^, A^i, . . . ,iV4, ^^In,Ni,...,N4,t C Q with P{n%j^^j^^,j) < (jvjv,...jv^)« e ^ such that 
for all CO G Qt H ^n,Ni,...,N4„t we have 

\\Af-l\\n\r^N{uN^,UN2,UN3,UNM^+5,^^+5 

(e-i") ^ (iviv,...jv,), n"""(fe./'^^)- 

where Qt is the set obtained from Lemma \6. 1[ 

We proceed to prove Proposition 16.11 using Proposition 16.31 Then we present the 
proof of Proposition 16. 3[ followed by the proof of Proposition 16.21 

Proof of Proposition 1 6. 1[ Fix any dyadic Nj for j G {1, 2, 3, 4}. Observe that 

(6.11) min(/oj, /ij) < M~' + \\uj\\i_s^i_s^T + Wj - S{t)Aj{uo,^)\\i^s,^^5,T- 
Indeed, suppose Nj G [Mj,Kj] = supp(Aj), then we have 

= + \\^^jh,-S,^-5,T + \\un, - iS{t)uo^^)Nji^s,^_s^T 

(6.12) < Mr- + \\u,\\i_^_s^r + hj - SmjM\\i+si-5,T- 
On the other hand, if Nj ^ [Mj, Kj], we have 

< ||ujv, - ('5(t)Aj(uo,^))jvJi+5i-5,T 

(6.13) < Mr- + \\u,\\i_^_,^T + \\u, - 5(t)A,(Mo,J||i+5,i_5,T- 

Combining fl6.12p and f l6.13p we conclude that for each j = 1, 2, 3, 4 and every dyadic 
Nj, the inequality fl6.1ip holds true. 

We proceed to build a set Qj- C Q (satisfying the necessary conditions) where the 
estimate fl6.7p is satisfied. Consider a dyadic decomposition of the nonlinearity, 

(6.14) 

||A/'-l(Ml,M2,M3,M4)||i+i,_i+5 < || A/ll | |„|^7v(MiVi , ,MiV3 , MiV4) || 

N,Ni,...,N4 



Now let ^It '■— Hdyadic N,Ni,...,N4 ^N,Ni,...,N4,T- Then 

N,Ni,...,N4 N,Ni,...,N4 ^ ^ ^' 
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where c = c(c, n) > 0. Furthermore, if w G Qt, then for every combination of dyadic 
scales N,Ni, . . . , N^, the conclusion (16.1 Op holds true. With f l6.1ip . this gives 

N,Nu...,Ni ^ ^' i=l 

< E 



1 

n {^^r + ll%lli-5i-5,T + - ^(t)AiKa.)|| i+5,i-5,T) 

4 

(6.15) < T-P n + \W3h-8^^-s,T + Ik. - ^WAiK 



□ 

Next we present with the proof of Proposition |6?3l followed by the proof of Proposition 

m 

6.2. Probabilistic quadrilinear estimates. We begin by presenting some proba- 
bilistic lemmata to be used in the proof of Proposition 16.31 In each lemma, we are 
considering the probability space (f2, J^, P) with P = po uq^^j, where p is the Wiener 
measure defined in (II. 9p . and the initial data (given by (II. 5p ) is viewed as a map 

Lemma 6.1. Lets, (5 > andT <^ 1. Then there existsilx C with P{Vl9p) < e~T?, 
such that for u G VLt, we have 

\gn{i^)\<CT--^{nY 

for all n E'L. 

Proof of Lemma \6.1[ Recall from [23] that 

P( sup (n)-^|(7„(a;)| >ir) <e-^^' 

neZ\{0} 

for K sufficiently large. Lemma [6.11 follows by taking K ~ T~2. □ 

Lemma 6.2 (Thomann-Tzvetkov. [32 j ) . Let d > 1 and c(ni, . . . , n^) G C. Let 

{7„(a;)}i<„<(i he a sequence of M.-valued standard Gaussian random variables. For 
k > 1, denote by 

A{k, d) = {(ni, . . . , Uk) G {1, . . . , d}^ '■ ni < ■ ■ ■ < rik], and 

Sk{uj) = ^ c{ni, . . . ,nk)'Jmiuj) ■ ■ -Iriki^)- 

A{k,d) 

Then, for each p > 1, we have 

I ^ 

< VA;+l(p-l)2||5fc|| 
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The proof of Lemma 16.21 can be found in [32j ; it relies on hypercontractivity of the 
Ornstein-Uhlenbeck semigroup. 

Lemma 6.3 (Tzvetkov, [35]). Let F : H^^(T) be measurable. Assume there 

exists a>0,N>0,k>l and C > such that for all p > 2, 

(6.16) \\F\\L.(dp)<CN-yl 

Then there exists 6 > 0, Ci independent of N and a such that 



2a 



JN~\F(u)\k 

y 

(T) 

As a consequence, for all A > 0, 

(6.17) P(w G ^] : |F(mo,^)| > A) < CiC"^^^^* 



The proof of Lemma 16.31 can be found in |33| . 

We will also need the following basic observation from linear algebra. 

Lemma 6.4. Let A = {ai,j}i<i,j<N be a square (N x N) matrix with complex entries. 
Then 



\A\\ < sup \an,n\ + ( 



The proof of Lemma 16.41 is omitted (the analysis required is straightforward) . We 
proceed to prove Proposition 16.31 

Proof of Proposition \6.3[ For the remainder of this proof, all factors u are dyadi- 
cally localized, and we simplify notation by taking Uj = unj- Also, we typically drop 
the X[o,T] from in front of each factor Uj, but may reintroduce them as needed. This 
proof is based on multiple decompositions of frequency space. In some regions, we 
will use what will be referred to as a type (I) - type (II) decomposition, which leads 
to additional subcases. More precisely, in each region of frequency space we impose 
one of the following two conditions: for each j G {1, 2, 3, 4}, either 

(i) Uj G X^^^"^~\ 

or 

(ii) Uj - 7,- ^^^e'"^"+'"?* G x|^^'^"^ for each 7^- G {0, 1}. When 7^- = 1, 
this is a nonlinear smoothing hypothesis. 

The additional parameters 7^- G {0, 1} are introduced in order to establish a single 
result for variable 7^, which produces factors of foj with ■jj = and factors of fij 
with 7j = 1. That is, by keeping each ■jj variable, we will produce the right hand 
side of (16A0|) . 
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Contributions to the left-hand side of flG.lOp from a region where Uj satisfies con- 
dition (i) produce a corresponding factor of j, on the right-hand side of 

the inequahty. For contributions from regions where Uj satisfies condition (ii), we 
estabhsh probabihstic bounds, by writing 



type (I) type (II) 



We show that each type (I) contribution produces a factor of 'JjNj ^ on the right-hand 
side of the inequahty, for uj G ^n,...,N4„t- The type (II) contribution will produce a 
factor of — 7j ^|„^.|^7Vj ^^^J^-pe*"^^"*"*"?*!! 1+5 i.^.^ on the right-hand side. Combining 
the contributions from (i) and (ii), each Uj will produce a factor of 



(6.18) 7,iVr + ll«.ll|-^,i-^,T+lk.-7, E ^e^"^-+^"?'l 



' 2 

\nj\r- 



Notice that (I6.18p < /o,j for 7^ = 0, and fl6.18p = /ij for 7^ = 1. By establishing these 
estimates for all combinations of 7^- G {0, 1}, j = 1, 2, 3, 4, we can always choose the 
smaller of the two bounds, and each Uj contributes a factor of min(/oj, /ij) to the 
right-hand side of our inequality. 

Summarizing the previous paragraphs, we prove Proposition 16.31 by construct- 
ing ^N,...,N4,T C ^It with Pi^N^Nu...,N4,T) < jNN^hw'^''^ ^^^^ ^^^^ ^ ^ 

Qt n ^^Ar,Ari,...,Ar4,T we Can, throughout frequency space, either bound each Uj deter- 
ministically, using condition (i), or probabilistically, using condition (ii) and Lemmas 
16.11 - 16.31 (the type (I)-type (II) decomposition). 

In the break down of cases that follows, as we estimate the left-hand side of fl6.10p 
using the method just described, each factor uj may be declared to be of the following 
types 

. type (I) (rough but random): u, = Ein,\^N, ^e™^-+^"?*, 

-+S -—5 

• type (II) (smooth and deterministic): Uj G . 

In a given case, if Uj is declared to be of type (I) or type (II), this means that we are 
choosing to use condition (ii) in this factor, and according to the decomposition above, 
we must consider each case of Uj type (I) and Uj type (II). If we make no declaration 
about a particular factor Uj in a given case, it means that we are imposing condition 

-—5 -—S 

(i) in that factor: Uj G 

We will use superscripts n'^ (N^) A; = 0, 1, . . . , 4 to indicate frequencies (and cor- 
responding dyadic blocks) which have been ordered from largest to smallest. That 
is, |n°| > \n^\ > ■■■ > |n^| (and > N'^ > ■■■ > N'^). Let us remark that we 
order the frequency n as —n (that is, if n is the frequency of largest magnitude, then 
nP = —n). Also, by symmetry of Af{ui,U2,U3,U4) in (m2, ^3,^4), we can assume that 
1^2! > I'^sl > I ^4 1- Let us begin with an overview of each case to be considered. 
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• CASE 1. n° = 

• CASE 2. 72° ^ -n\ 

• CASE 2. a. < and N^N'^N^ < AT^ATV + n^]. 

• CASE 2.b. _ 

We use a type (I) - type (II) decomposition for k = 1,2, 3. 

• CASE 2.b.i. At least two Ui of type (I), « = 1, 2, 3. 

That is, m,U2, Us of types (I)(I)(I), (I)(I)(II),(I)(II)(I) and (II)(I)(I). 

• CASE 2.b.ii. One of Ui of type (I), i = 1, 2, 3, others type (II). 
Types (I) (II) (II), (II) (I) (II) and (II) (II) (I). 

• CASE 2.b.iii. ui,U2,Us all type (II). 

• CASE 2.C. < and N'^N^N^ > N^N^\n^ + n\ 

We use a type (I) - type (II) decomposition for k = 1,2, 3, 4. 

• CASE 2.c.i. Ml type (I) and at least two of U2,U3,Ui type (I). 
That is, uuU2,us,U4 of types (I)(I)(I)(I), (I)(I)(I)(II), 

(I) (I) (II) (I) and (I) (II) (I) (I). 

• CASE 2.c.ii. ui type (II) and U2,U3,U4 type (I). 

• CASE 2.c.iii. Two of ui,U2,U3,U4 type (I) and two type (II). 
Types (I)(I)(II)(II), (I)(II)(I)(II), (I)(II)(II)(I), (II)(I)(II)(I), 
(II) (II) (I) (I) and (II) (I) (I) (II). 

• CASE 2. civ. At least three of ui,U2,U3,U4 type (II). 
Types (II)(II)(II)(I), (II)(II)(I)(II), (II)(I)(II)(II), 
(I)(II)(II)(II), and (II)(II)(II)(II). 

Before we proceed with the analysis of each case, let us remark on an important 
property of our frequency space restrictions: 

If {n, ni, ^2,^3, ^4, r, n, T2, t^, T4) G A^i, 
(6.19) then (^i, n2, ^3, 724) G Ci('^)- 

For the estimate (16.101) we are restricted to the region A_i of frequency space (defined 
in (13. 3p ). and the condition — nl — ■ ■ ■ — nl\ <C |^^maxP is satisfied. To establish 
fl6.19p we show that this condition necessitates (ni, n2, n^, n^) G Ci(^) (see (16. 4p for the 
definition of Ci(^))- fact, we show the contrapositive; that (ni, n2, 713, n4) ^ Ci(^) 
implies \n^ — — ■ ■ ■ — nl\ > InmaxP- Recall from (13. 2p that in the domain of 
integration we have (ni, n2, 713, n4) G ({n) = (i{n)U(2{n), and (ni, 77-2, ^3, 714) ^ (i{n) 
is therefore equivalent to (ni, 71-2, ns, 71.4) G C2(^)- We show that if {ni,n2,n3,n4) G 
C2{n), then \n^ — — ■ ■ ■ — n^l > |?2maxP- Suppose (rii, 712, ns, 77,4) G C2{n), then there 
are six possibilities (up to permutations of (712, 77,3, 71,4)): 

(i) n = 111 = n2 

(ii) n = n2 = 

(iii) n = Til = —772 

(iv) 77i = -772 = -^3 
(v) 77 = — 77i = 772 
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(vi) n = n2,ni = -n^ 

We proceed to show \n^ — nf — ■ ■ ■ — nl\ > |nmaxP in each circumstance. Suppose 
possibihty (i) holds, and we have n = rii = n2. Then n = rii + ■ ■ ■ + gives 
n2 + ns + = 0, and we find 

n — Wi — ■ ■ ■ — ni = —712 — "^3 — "^4 
(6.20) = — 37^2^3714. 

Recall that each rij 7^ by the mean zero condition (16.61) . If 1^13 1 ~ {n^l ~ l^maxl? then 
by (I6.20p . and the mean zero condition, we have — nl — ■ ■ ■ —nl\ > jrimaxP; which 
is impossible in the region y4_i. Therefore, we must have \n\ = \ni\ = \n2\ = |^^max|• 
Then n2 + + = gives (without loss of generality) that In^l ~ \n2\ = |^^max|, 
and again we arrive at \n^ — — ■ ■ ■ — nl\ > |nmax|^- We conclude that possibility 
(i) cannot occur in the region It is straightforward to verify that the same 

argument rules out (ii)-(v); only (vi) remains to be considered. Suppose (vi) holds, 
and we have n = n2, ni = —n^. Then = n — ni — n2 — = 0, which is impossible 
by the mean zero condition (16. 6p . Therefore, in the region A_i, we cannot have 
{ni,n2,n3,ni) G C2(^), and we conclude that (I6.19P holds true. 

We now proceed with the analysis of each case listed above. 

• CASE 1. nO = -n\ 

With (ni, ^2, ns, 114) G Ci(^) ; we have n rii for all i G {1, 2, 3, 4}, and rii 7^ —n^ 
for all k G {2, 3, 4}. Therefore, if = —n^, we must have = nk = —rij = —n^ for 
some k,j G {2,3,4}. By the condition \n2\ > \ns\ > {n^l it follows that = n2 = 
— 77-3 = —n^. With n2 = —ns, we have n = rii + and 

max(|o-|, |o-i|, |cr2|, |cr3|, |o-4|) > \nnin4\. 
In this case we establish: 



\\Af-l\l.b.iui, U2, Us, U4)\\i^s,-l+5,T 

(6-21) -(iViVi...iV4)"nKII|-^,^^.T. 

We consider various subcases. In each of the cases that follow, we will employ the 
same method. In fact, this method will continue to appear throughout this section of 
the appendix. In most places where the method is used, we will spell out the details, 
but for the CASE l.b. we will establish one case (case l.b.i.) in details only. 

• CASE l.b.i. \a\ > Innin^]. 

In this case we find 



< 



1 
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Using this estimate, f l6.2ip follows from 

(6.22) ll/l/2W3M4||L2_^g[o,j,j < ||/l|loi-5,Tll/2||i-65,|-5,Tll'"3||i-5,i-5,Tll'"4|| i_5,i_5,T- 

We can establish ( Km using H51der, (EZD, (EH]) and ( 12101) . 

II fl /'2W3M4II r2 ^-Jlflllfi Il/'2ll7'i2 ll^tsll/'ia l|M4||ri2 

~ ll/l|lo,|-5,Tll/2||i-65,i-<5,Tll'"3||i_5,i_6<5,Tll'"4|| i_5,l_6<5,T 
(6-23) < ||/l||o,i-5,rll/2||l-65,i-<5,Tlk3||i-5,i-5,rlKi4|| i_5,i-5,T) 

for 6 > sufficiently small. 

• CASE l.b.ii. |(Ti| > |nnin4|. 



In this case we find 



\n\ 2^°\ni\ 



< 



-2-^\nA-2-^\n2\^^ ~ {NNomN2N3N^Y 



and from here we establish dOT]) using Holder, (ET]), (El]) and (^AO\i . 
• CASE l.b.iii. \a2\ ^ |nnin4|. 



In this case we find 



|n| z+'^lml 



< 



0-2 P 



|i-V2|^"V3l'^ ^ (NNoN^N^NsN^)'^' 
and from here we establish fl6.2ip using duality. Holder, (12. 7p . (12. 8p and ( I2.10p . 

• CASE l.b.iv. IcTal > |nnin4|. 

Here we proceed exactly as in Case l.b.iii. above, swapping the roles of n2 and ns. 

• CASE l.b.v. |cr4| > |nnin4|. 



In this case we find 



|n| a+'^lml 



< 



\n,\'2-^'\n2\^'\a^\-2-' ~ {NNoNiN2NsN,)-' 

and from here we establish (16.211) using duality. Holder, ( 12. 7p . (12. 8p and (12.101) . The 
analysis of Case 1 is complete. 

• CASE 2. ^ -n\ 

Before we proceed with each subcase, let us identify a useful restriction in this 
case: if (^1, ^2, ns, 714) G r]i{n) with n° 7^ — n^, then 

(6.24) In case 2, no two integers in the set {— n, ni, n2, ^3, 714} sum to zero. 

Indeed, with (ni, n2, ns, 714) G rii{n), we already have n ^ nu for all k = 1,2,3,4 
and 111 7^ —Uk for all k = 2,3,4. The only pairs of integers that could sum to zero 
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are within the set {n2, 71,3, 71,4}. Suppose, for example, that n2 = —n^, then by the 
restriction ^ —n^ we must have N21 <^ . Then n = rii + 77,4 and we have 

\n^ - n\~ ■ ■ ■ - nW = - - nl\ = 3|rmir;,4| > {N^Y, 

in contradiction with restriction to the region A_i in this case. The same argument 
apphes if n2 = — ^4 or = — n4, and f l6.24p follows. 

• CASE 2.a. < A^o and N^N^N^ < N°N^\n^ + n'^\. 

Recall that we have taken n = —n^ for some A; G {0, 1, ... , 4}, so that n^+- ■ -H-n^ = 
is satisfied. Then 

\n^-nl nl\ = \{n^ + . . . + - {n^f {n^f\ 

= 3| - n^n^{n^ + + n^) + n^{n^ + n%n^ + + n^) + n^n^{n^ + n^)| 
= 3|(-?2°n^ + n^{n^ + n^) + nV)(n^ + + n^) + n^rr'n^\ 



since A^^ < A^o, Ar2Ar3iv4 ^ N^N^\n^ + n^l and n° ^ -n^ . Then 

max(|a|, . . . , \ai\) >\rr'-n\ ^41 > N^N^\n^ + n^\ > \n 



2 

max I ; 



and we cannot be in the region A_i. That is, there is to contribution to A/li from 
this case, and we proceed to the next one. 

• CASE 2.b. ~ A^o. 

With N2 > > A^4, this implies, in particular, that 

(6.25) N3 ~ A^°. 

For the remainder of this case we will only use the restriction of (16.251) (and not the 
stronger condition A^^ ~ A^*^). This way, in future subcases, once we establish (I6.25p . 
we can revert to the analysis of this case. 

• CASE 2.b.i. At least two Ui of type {l),i = 1, 2, 3. 

Suppose ui,U2 are type (I). We will comment on adapting these arguments to 
the other cases afterward. We will use Af-i\2.b.i to denote the contribution to the 
nonlinearity from this case. We establish the estimate: 



IIA/"-! |2.6.i(Mi, U2, M3, M4) II 



T 



rp-13 

(6.26) < (^^^...^)J iViA/2)-|k3||l-,,|-,,Tlk4||i_,,|-,,T- 
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By changing variables and taking out a supremum, we find 



||A/'_i|2.b.i(Ml,M2,M3,M4)|| 1+5, 



2 ' - 



(n) 



r:^A/li|2.6.j(Mi, U2, Us, Ui){n, r) 



^{|n|~JV},T 



{n) 



h+5 



X{|A|<(jV0)2} , ^. _M -l\2.b.i{Ul,U2,U3,U4){n, X + n ) 

(A)2 



^{|n|~JV},A 



(6.27) <{Ny sup \\Af_i\2.Uui,U2,Us,U4){n,X + n' 



|A|<(AfO)2 



|n|~]V 



-—S -—5 

For the factors U3, U4 G , we will use the following standard representation 

for functions in X^''' (see, for example, Klainerman-Selberg [15]). Given a function 

v{x,t), we can write v as 



(6.28) vix,t) = I (A)-'(^(n)2^(A)'''|{)(n,n=^ + A)|2)'|e*^*^aA(n)e'(""+"'*)}rfA 



where ax(n) 



with 6 < i, we have 



(E„M21«(n,n3+A)P)2 



r. Notice that En(^)^1«A(^)P = 1- For v G 



(6.29) 



\X\<K 



{\)-'{ > 7n)2^(A)2''|{)(n,n3 + A)n ' d\ < Ki-'M^s, 



by Cauchy-Schwarz. In our context, for each j = 3,4, we have Uj = Xlo,T]Uj G 
^|-5,|-<5^ and — n|| < (A^°)^. Using (I6.28p we can write 



|A,|<(7VO)2 



(Aj) ^^^Cj{Xj)ax^{nj)6{Tj - n] - Xj)dXj, 



with E„M''l«A(n)|2 ^ 1 g^nd ^ (^E„W"''(A,y-''|M,(n,n3 + A)|2j\ In- 

serting this representation for M3, U4, we have 



(jOTj) = fAT")-^ sup ^ (mi)JJ 



|A|<{ArO)2 



{|njhiVj}nA_i i=l 



(6.30) 



|A3MA4|<(iV0)2 3 



Y[{Xj) '^+^Cj{Xj)ax^{nj)6{Tj - n| - Xj)dXj 
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By Minkowski in A3, A4, we find 



J j\> 



sup 

|A|,|A3|,|A4|<(W0)2 



n(A,)-^+'|c,(A,)MA, 

|A3MA4|<(7V0)2 ^.^3 



{|n,h7Vj}nA_i 



aA3(^3)aA4('^4) 




\ni\\n2\ 

6{ti - nl)6{T2 - nl)6{Ts - nj ~ A3) 



(6.31) 



Tl ,T2 ,T3 

6{X + - Tl - T2 - T3 - nl- \^)dTidT2dT^ 



r2 

InleiV 



For fixed n, ni, 77-2, 'n.3, A, A3, A4, we find 

5{ti - n\)5{T2 - n\)5{T'i -n\- A3)5(A + - ti - T2 - - n\- Xi)dTidT2dT3 

6{t2 - nl)5{T3 -nl~ X3)6{X + - nl ~ T2 - t-^ - nl - \A)dT2dT3 




T1,T2,T3 



5{t3 -nl- \3)S{\ + -nl-nl-T3-nl- \i)dT3 



1, if A — A3 — A4 + — nl 
0, otherwise. 



nl = 0, 



Then we have 



« < {N^ If n(A,)-^+^|c,(A,)MA, 

J7|A3|,|A4|<(7V0)2 



sup 

|A|,|A3|,|A4|<(W0)2 



(^)^^' E (^^i)^4^%r^«A3(n3)a.4K) 



*(n,A+A3+A4) 



\ni\\n2\ 



i=3 



J II 2 u, 2 "t^ 



(6.32) 



sup 

\fi\<3iN0)2 



*{n,fi) 



9nA^)9n2{^) 

\ni\\n2\ 



«3(^3)«4(^4) 



7'2 

|n|e]V 



by dHSSD, where Y.n, 



11-25 



1, for i = 3, 4, and 



*{n,fj,) := |(ni,n2,n3,n4) G Z'' (n, rii, ^2, ns, 77.4) G v4_i, each |?T.i| ~ iVj, 

and /i = n'^ — 77,'^ — ■ ■ ■ — 
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When we fix numbers other than n,n, for example rii, we let 

*(n, /i, ni) := |(n2,n3,n4) G {n,ni,n2,ns,n^) G A^i, each |nj| ~ Ni, 

and = — n'^ — • • • — , 

and define /i, ?t,2, "".s) C Z^, /x, ni, ?t,2, '"'3) C Z,..., etc, similarly. 

Notice that we have dropped the dependence on A3, A4 in fl6.32p : this is justified 
a posteriori by using estimates which are independent of A3, A4. Now for each fixed 



\n 



e A^, < 3{N°y, we write 

V^/. ^^nl(w)^„2(u;) 2 I 15 

> , (^^1) -, TT ^ «n3«n4 = F4 2 

*(n,/.) \ -^/^ 2/ |n4hAf4 



77-4 



I *(ra,/i,n4) 



2 



< 



|n4hAf4 ' ' *(n,At,n4) ^ ' ^ ' 



2 



by Cauchy-Schwarz in 1x4. For each fixed \ni\ ~ iV4,/i < 3(A^°)^, we write 
(6.33) ^ I ^ I ^ <.,>3|i-a„.r 

where is the (?T,,n3)'''^ entry of a matrix cr""*'^ (for n4,/i fixed) with columns 

indexed by |r;,3| ~ A'"3, and rows indexed by \n\ ~ A^. These entries are given by 

(6.34, .-^ Y. (»o^f^g^. 

(ni,n2)£*(n,n3,n4,/2) \ ^'^ ^'1 '^1 

Let us also recall the following property of matrix norms: ||v4*y4|| = ||y4y4*||. Using 
Cauchy Schwarz, the condition Yln^ l'^3|^~^''l^3(^3)P = 1; applying Lemma (6.41 
we find 

(lOSj) < ||((t"^'^)V"^''^|| 



< sup y: + ( E I E 

\n\,\n'\r^N 

(6.35) =: /i(ra4,/i) + /2(n4,/i). 
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To recap we now have 

4 

3=3 

(6.36) sup ( V - — ^3^(/i(n4,/x) + /2(n4,/i)))', 

and we estimate the contributions from Iiin^, n) and hin^, fj,) separately. 

We remark that the sum in (I6.34p has at most two terms. Indeed, for n, n^, n^, 
and fj, fixed, if (ni,n2) G *(n, ns, n4, /i), then n2 is determined by rii through the 
condition n = rii + ■ ■ ■ + n4, and rii satisfies the equation fi = — nf — ■ ■ ■ — nl- 
Since rii ^ —n2 (recall fl6.24p ). this is a non-degenerate quadratic equation in rii. 

jjL = n — rVi — ■ ■ ■ — rVi 

= rr' — n\ — {n — rii — n^, — n^'^ — ■ ■ ■ — n\ 



3(n — ^3 — ni)n\ — 3(?2 — n^, — n^Yrii + 

3 

45 



(6.37) - (n - - n^f - ni^ - 



with n — — = ni + 71,2 7^ 0, a^d this equation has at most two roots rti. 

Then to estimate Iiiri/^, fi), for n,n3,n4^, fi fixed, we bring the absolute value inside 
the sum of (at most) two terms in fl6.34p and apply Lemma [6?T] to obtain, for co G ^2^: 



|^lPl^ni(^)||^n2(^)l 



/l(n4,/U) < sup ^ 

{ni,n2)e*(n,n3,n4,/i) 



ni 



|2 



(ni,n2)e*{n,n3,n4,/^) 
|n3|~7V3 

where we have used > max(A^, A?"!) and N2 > > N4 in the second last line. 
Then we can estimate the contribution to fl6.36p coming from Ii{n4, fi) by 



2 



^ ' i=3 |n4h7V4 ^ ' 

^ ' j=3 \n4\r^Ni ^ 

(6.39) < ^^^^^^^^^^ 
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To estimate /2(n4,/i), note that 



n^n' |n3|~Af3 *{n,n:j,n4, 

^) (^l)(^2)(%)- 

|n|,|n'|~^ 



(6.40) [ Yl , , , A-s 



For each fixed n, n', n4, fi, let 

ni,«2G*(n,/i,n3,n4) 
n'j^,n2e*(n',/i,n3,n4) 

Notice that -Fn,n',n4,/x(i^) := -^n,n',n4,Ai(^o,w) IS p-Hieasurable (it is a polynomial function 
of the randomized Fourier coefficients). By Lemma [6. 2 1 

,n' ,n4,fi \\LP{n) < V5{P- I)l^n,n',n4,/.||L2{Q), 

for each 2 < p < 00. Then by Lemma I6l3] (applied with = {\\Fn^n',n4,n\\L^{n))~^ , 
a = 1 and = 4) it follows that 

1 1 

P{\Fn,n',n„M\ > A) < e-^"^"-'--.ll!2(,)A^_ 

Taking A = \\F^,n',n4jLHn){NyT-^'', we have 

P{\Fn,n',n4A^)\ > \\Fn,n' ,n4j LHn){Ny^T-^^) < e'""^ 



Let 



^N,Ni,...,N4,T '■— Pi ^\Fn,n',n4,fi{<^)\ < \\Fn,n',n4,^i\\L^{n){N^)'^'^T ^'^j. 



|n|~7V,|n'|~^ 
|n4hiV4,|Ml<3{JV°)2 



Then 



P((^^7V,JVi,...,7V4,t)') < Yl Pi\Fn,n',n4A^)\ > \\Fn,n' ,n4j LHn){Ny^T-^^) 

\n\r^N,\n'\r~.N 
\n4hN4,\^l\<3{N0)^ 

|n|~Af,|n'|~JV 
|n4hiV4,|Ai|<3(AfO)2 

(iv")'' g g 

< (iV°)V^F?^ < (Ar°)-^''e"^ < {NNi---Ni)-^e~^, 
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for some c(/3),k(/3) > 0. Furthermore, if a; G ^n,Ni,...,N4„t, then for each \n4\ 
iV4, < 3{Ny, we have 



\n\,\n'\'^N 



(6.41) <( Yl \\Pny,n,Jh<^n)iNr'T-'^) 



|n|,|n'|~^ 



Next we compute 



IIP ||2 'sp -nin[gn, iu)gn2 i(^)9n[ {uj)gni, juj) 



ni,n2&*(n,^i,n-j,,rn) 



l"3M"i3|~7V3 
(ni,n2)e*(n,/i,n3,n4), (n[,n2)£*{n' ,^,n3,n4) 
(mi,m2)S*(n,/i,m3,r),4), (m'j ,m'2)£*{n' ,11,7713,714,) 

{—nin[){—mim'^) 
(^1) (^2) {n'l) {n'2) (n^y-'^^mi) {1112) {m[) {m'^) (ms)!-^^ 

< 1 y 

|n3Mm3|~Af3 
("i,"-2)G*(n,/i,n3,n4), (n'j^,n2)6*(n',/i,n3,n4) 
(mi,m2)£*(n,/i,m3,n4), (mj,m2)£*(n',/i,m3,ri4) 



(6.42) I E (^5(„^ (w)fi'n2 (w)fi'n', ('^)fi'n^ (w)5'mi (w)5'm2 (w)fi'm', (w)fl'm^ (w) j | . 

Then combining f l6.4ip and f l6.42p we have 

/2(n4,/i)=(^ ^ I -^n,n', 714,^(^)1 



\n\,\7i'\^N 
2^- 2/3 

< 



(^jyO) 3-25-2/3 



E 



(6.43) < , , 



n^n', |n|,|n'|~Af, |n3|,|m3|~Af3 
(ni,?i2)e*(n,,/i,n3,n4) (n'^,n'2)£*(n' ,^,713,714) 
(mi ,n2)£*(n,^,m3 ,714) (m'j^ ,m2)£*(n',/i, 7713, 714) 

E (^i/ni (w)fl'n2 (w)^(w)^(w)fi'mi (w)fi'm2 (w)^(w)^(w; 
T-2/3 



72 

by the following lemma. 
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Lemma 6.5. Let 

n 7^ ra', |n|, \n \ ~ A^, Irisl, \m^\ ~ A^^s 

(ni,n2) G *(n,/i,n3,n4), {n'l^n^) G *{n , ft, 713,714), 

{mi, 1112) e *{n,fi, 1713,714), {m[,7n'2) G *(n', /i, mg, n4), 

r/ien #{5(n4,/i)} < (Ar°)^ 

The proof of Lemma 16.51 can be found in Section 5.2.5 of |29j. Using fl6.43p and 
Lemma [675| if w G ^n,Ni,...,N4„t, we can estimate the contribution to f l6.36p coming 
from hin^, fi) by 



nii^.iii-5i-5.T( E 



V / j=3 |n4|-7V4 

(6.44) < J^^^J^^:^ 



Combining (E2ZD, fICT]) . dOT]) . (K^ . (ESS]), and (ESD, if w G fir H 

^N,Ni,...,N4,T, then the estimate (16.261) holds true. 

It is straight forward to check that the crucial inequalities in lines f l6.38p and 
fl6.43p remain true (using (I6.25P ) under permutations of the roles of (ni, 712, 713) in the 
preceding analysis. In particular by exploiting the restriction (I6.24p . The analysis of 
case 2.b.l. is complete. 

• CASE 2.b.ii. One of Ui of type (I), i = 1,2,3, others type (II). 

We will begin by assuming ui is type (I), and M2,M3 are type (II). We will discuss 
modifications for other possibilities afterwards. In this case we establish the estimate 



W-lhb.iiXui, U2, U3, Ui) II _ 



T 



(6.45) <T-3/^__^^ 
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With the condition f l6.25p we have 

1 



\n\ 2~^^\ni\ 



< 



1 



(6.46) 

Using ( ]6.46p . (I6.45P follows from 



< 



1 



1„ j/2/3M4||_^,_i+5 



InihTVi 



|ni|5+7 

(6.47) <T-" 
To establish fl6.47p . notice that by Lemma [2.31 and Lemma [6.11 if w G Qt, then 



2|l7,i-5llJ3||^,i-5l|M4||i„5,i_5 



(6.48) 



E 



|(?„,(u;)|e*"i^+^"?* 



2'2 "'^ 



by taking e = 5(7) sufficiently small. Then using duality, Holder's inequality, fl2.10p 
and flQgj) . 



+7 



< \\v\ 



<ll^ll2i-5 



|^„,(a;)|e^'"i^+^"^* 



n WfM.MH. 

Ll , i=2,3 



+7 



n 

2,1 5i=2,3 



ll«4||2 1. 



^ ^ '^Il^ll7,|-5ll/2ll7,^-5ll/3|l7 i-5ll«4|| 1 5,1 5, 



and flOTD holds for a; G f^T- 

It is easy to verify that the crucial inequality, f l6.46p . remains true (by f l6.25p ) if 
we permute the roles of (rii, n2, jt-s) in the preceding analysis. The analysis of Case 
2.b.ii. is complete. 

• CASE 2.b.iii. ui,U2,U3 all type (II). 

In this subcase we establish the deterministic estimate 

||A/'_i|2.6.m.(Ml, U2, M3, U4) \\ ^+S-^+5,T 

3 



(6.49) 



(A^A^i ■ ■ ■ n 



Ui 1 , r 1 



+.5 i-<5,Tll^4|| 1 5,1 5,T- 
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Using fl6.25p we find 

|n|^"'''^|ni| 1 ^ 



|ni|i+^-^|n2|5+^-^|n3|H^-7 ~~ (iV0)2<5-37 ~ \n\^{NN^---N4y 
Then fl6.49p follows from 



||/l/2/3M4|U^,-i+5 < n Il/ill7,|-<5ll"4|| 

By duality, the last estimate is equivalent to 

3 

(6.50) \J2 V ■ hhf3U,dxdt\ < \\v\\^^r_sl[\\f, 
We obtain f l6.50p with Holder's inequality and f l2.10p 

3 

/ V ■ fif2huidxdt\ < \\v\\Ll,W\\fj\\Ll^,\\ui 

' .7 = 1 



3 

" ■ill7,i-5ll«4||i-5,i„5. 



3 



^ Il^ll7,i-5nil^ill7,i-<5ll^4||i_5,i_5. 



' 2 

J = l 



This concludes the justification of fl6.49p . and case 2.b. is complete. 
• CASE 2.C. < iV° and A^satSat^ > A^ojy1|^o ^ 

Observe that the assumptions of this case provide the additional condition 

(6.51) N^N"^ > iV°, 

otherwise we would find {N^ < N^N^\n^ + n^\< N'^N^N^ < N^N^N^ < (A^°)^ a 
contradiction. In this region, we also have 

(6.52) N2N3N4 > N^N^N^ > N°N^\n° + n^l ~ (A^°)>° + n^\. 
Then we find, by 06.521) . 



(6.53) 



unless |n° + ra^| < (iV°)~. If fl633|) holds, we can proceed with (a modification of) 
the method used in case 2.b.iii to establish 

\\Af-l\2.c.in...l.{Ui,U2,U3,Ui)\\i+S,-l+S,T - (NN ■ ■ ■ )" H 

We therefore assume that 

(6.54) |n° + n^| < (A^°)^, 

for the remainder of case 2.c. 



CASE 2.c.i. ui type (I) and two of M2,M3,M4 type (I). 
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Let US assume that Ui,U2 and M3 are all of type (I). We will discuss the other 
possibilities afterwards. In this case we establish 



IIA/li lease 2.c(Mi,M2,M3,M4)|| 1 



Using the representation ( ]6.28p for U4, we apply the Minkowski inequality in A4 to 
find 



IIA/"-! lease 2.c(^l, M2, ^4) || 1 +5^1+5 
<ll«4|||+,,|-,(iV°)^ 

< 11^411 i+,,|_,(iV°)'ivH^ 
6.56 • sup > > «ni / \/ \/ \ 

/^«(^°)^ ' ' *(n,,)^se 2.e. i^,) {u,) (us) 

where J2n4 \''^i\^~^^Wn4\'^ = 1- We have dropped the dependence on A4 in the previous 
expression; this is justified a posteriori by obtaining estimates which are uniform in 
A4. For each fixed /i, we consider 



\n\r^N *(n,/i)ncase 2.c. 



^gn,{uj)grj^u)g_n,{uj) 
{ni){n2) 



(6.57) = Y E^«-"4l^4p "an4i 

|}i|~7V n4 

where is the (n, 114) entry of a matrix cr^ (for /i fixed) with columns indexed by 
|n4| ~ A^4, and rows indexed by |n| ~ A^. That is, the entries of this matrix are given 
by 

^ inignM9n2{^)9m{uj) 

*(n,n4,M)nease 2.C. (^l) (^^2) (rig) 1^4 1 ^"^ 

Then by Lemma [6.41 



(ESB < ||«„4)*<n4ll = Il<n4«n4)*ll 



sup 7 ^ |Cr-„J ^ [2^\ 2^^n,n4^n',n4 

n^n' n4 

(6.58) =/i(/i) + J2(/i). 
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To estimate = sup > |c"nn4r) consider Fnnin{<^) ■~ '^nnS^)^ then by 

Lemma \6.2\ 

\\Fn \\Lp{n) < p2 
for each 2 < p < oo. Applying Lemma [6.31 it follows that 

2 2 

Taking A = ||F„,„4,^||i2(!^)(A^°)^r"^, we have 

3/3 3/3 (N^)^ 

Then letting fi„,iVi,Ar2,Ar3,n4,^,T 

^Af,Ari,Af2,Af3,Af4,T := ^n,Afi,Af2,Af3,n4,At,T, 
|n|~Ar,|n4|~Ar4,|/i|<{ArO)2 

we have 

|n|~Af,|n4|~Af4,|At|<(ArO)2 

N,Ni,N2,N3,N4„T, 

r-W II n 

n,n4,^||L2(f2). 



Then for each < (A^°)2, if w e VLn, 

(6.59) /i(/x)<sup E l^n,n4,.MP<(A^°f''T-3/' sup E 11^' 

l"l~^|n4hJV4 l"l~^|n4hiV4 

We compute that 

(mi)^„,(w)^„2(^)^n3(^^) 



||-^n,n4,At|lL2(t^) — E 



(ni,n2,n3)e*(n,n4,/i)ncase2{c) (^1 ) (^l) (""l ) I "-4 1 



2\ 



(ni,n2,n3)£*(n,n4,/i)ncase 2.c. 
(mi,m2,'Ti3)£*{",'^4,M)ricase 2.c. 



(6.60) ■ |E(5(„j(w)5(„2(w)fi'n3(w)5'mi(w)fi'm2(^)fi'm3(^^))| 

To bound this sum we use the following lemma. 
Lemma 6.6. Let 



S{n,(x) := < (ni,n2, 77-3,714, mi, ma, mg) 



4, 



(ni,?i2,n3) G *{n,n4,fi), {mi,m2,m^) G *{n,n4,fi), 

{n, ni, 712, 'T-s, 714), (ra, mi, m2, ms, 714) ordered such that 7^ — 'T-^, 

E(^„i(w)^„2(^)^n3(t^)^(w)^(t^)^(w)) 7^ oj. 
r/ien #{^(n,/i)} < mm{NiN2,NiN^,N2N^). 
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The proof of Lemma 16.61 can be found in Section 5.2.5 of [29]. By combining 
fl6.57p -f lB.60p and Lemma [6. 6^ the contribution to fl6.56p from is bounded by 

lk4||i_,,i.,(iV°)'iV.+' sup IM< ^ \ . , Ik4|||,,,i-, 

IH<{^op {N2N^f2Nl 

^ T-f (iVO)2'5+fiV5+'5,, 

< Jfo h^h-5,\-5 

_3/3 

It remains to control the contribution to fl6.56p from /2(/i). Consider 

(6.61) IM = ( E I E <n.<Zf)' = ( E |G'nX,M(^)P 

where, for each fixed n, ra', /i, we have taken 



1 

2^ 



(ni ,n2,n3)£*(n,n4,^)ncase 2.c. 
(n'j^,n2,ng)£*(n',n4,/i)ncase 2.c. 

By Lemma [6.21 we have 

\\Gn,n' ,fj, 

for each 2 < p < oo. With Lemma [6.31 it follows that 

_ 1 1 

P(|Gn,n>MI > A) < e-'^'"'"-'-"-'(-)''. 
Taking A = \\Gn,n'jLHn){Ny^T-^^, we have 

(]vO)/3 

> l|G„,„^^|U2(^)(iV0)3/3T-3/^) < e-^^-F^. 
Then letting l^n,n',Afi,A^2,7V3,Af4,M,T := {\Gn,n',^X^) \ > \\Gn,n',f,\\L^n){N^Y'^T-^'^} and 

^N,Ni,N2,N3,N4.,T '■= ^n,n',Ari,Af2,Af3,Af4,M,r, 

we have 

for some c' > 0. Then for each <^ if w G ^^Ar,Afi,Ar2,Af3,7V4,r, 

/2(/x) <( E \Gn,n'A^)\'y < T-'^{Ny^{Y: \\Gn,n'jh^n)f 
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We compute that 



E 



-nin[gn^ {uj)gn^ {uj)gns {uj)gn[ {(^)gn'^ {^)gn'.^ {^) 



(m) (na) (ng) (n;) (n'2) (n'3) (n4) 



1-2(5 



< 



|n4hAf4 
(ni,n2,n3)£*(n,n4,/i)ncase 2.c. 
(nj,n2,n3)£*(n',n4,/i)ncase 2.c. 



|n|,|ri'|~Af,|n4|,|m4|~7V4 
(ni,)i2,n3)e*(n,n4,/x) 
(rij ,n2,ng)£*(n',n4,;i) 
(mi,m2,m3)g*(n,m4,/i) 
(m'j^ ,m2,m3)S*(n',m4,/i) 



(iV2iV3)4iVi 



(6.62) 

To control this sum we estabhsh the following lemma. 
Lemma 6.7. Let 



S{fi) := { {n,n\ni,n2,ns,n[,n2,n^,mi,m2,m3,m[,m'2,m^j 



\n\, \n'\ ~ A^, In^l, \mi\ ~ A^4, (711,712,^3) G *(n,n4,/i), 
(ni,n2,ra3) G *(n',n4,/i), (mi,m2,m3) G *{n,mi,^) 
{m[,m2,m'-^) G *(n',m4,/i), wi/i 7^ — m a// quintuples, 

|n° + n^l < (iV°)i^, anc? 

E(fi'ni (w)5'n2 (^)fi'n3 



^mi(c^)^m2(^^)^m3(^^)^m;(c^)^m^(c^)^m^(c^)) ^ 



-45 



r/ien #{5(/x)} < {N^+T. 
The proof of Lemma 16771 can be found in Section 5.2.5 of [29]. Using f l6.25p we have 



(6.63) 



1 



2+4(5 



(iV2iV3)4iV, 



2-4(5 



< 



2+4(5 



< 



(Ar2A^3iV4)^ ~ (A^°)^' ~ (Aro)6-45 



By combining ( 16.63^ with Lemma [6.71 we have 



(6.64) 



(Km 



(]V0)3-45-T^ 
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Then from f l6.64p we can estimate the contribution to fl6.56p coming from /2(yu) by 



u4h_S^siN'YN'^+' sup /2(/x)<||w4||i Ai 5 



T-f (ArO)'5+¥ivl+<5 



T 



|At|<(AfO)2 2 '2 ^^o^__„__^ 

3/9 



< 



for 6, P,a > sufficiently small. It is clear that the previous analysis applies upon 
permutation of the variables n2, and n^, as we did not use the ordering N2 > > 
N4 in this case (see Remark 5.4 in [29]). The analysis of case 2.c.i. is complete. 

• CASE 2.c.ii. ui type (II), and ^2,^3,^4 type (I). 

In this case we proceed precisely as in case 2.c.ii, swapping the roles of rii and n^. 

The analysis requires modification in the lines fl6.60p and f l6.62p . where we need to 

N}'"^^ 1 

include the factor — - instead of In order to estimate ( 16.601) . 

{N^NsN^f {N2NsyNt^' ^ ^' 

by N2>N3> N4 and (l632|) . we find 

1 



< ^ < 



N^NsN^ - {N2N^N^)I ~ (iVO)!' 
and we have 

NlNsN^ ~ (iVO)i-2'5' 

By combining this inequality with Lemma 16.71 (with ni and 714 swapped) we can 
estimate the contribution from /i(/i) as we did in case 2.c.i. 
In the modification of f l6.62p . we consider 

(iVi)2-45 (Ari)2-4'5 1 



< < 



{N2N3N4)^ ~ (A^o)8 ~ (Aro)6+45' 

which is precisely the conclusion we reached in case 2.c.i. These are the only mod- 
ifications required to estimate the contribution from hifJ^), and the analysis of case 
2.c.ii. is complete. 

• CASE 2.c.iii: Two type (I), two type (II). 
We will consider further subcases. 

• CASE 2.c.iii.a: ui type (II). 

• CASE 2.c.iii.a.l: M4 type (I). 

• CASE 2.c.iii.a.2: type (II). 

• CASE 2.c.iii.b: m type (I). 

We proceed with the analysis of each subcase. 

• CASE 2.c.iii.a: m type (II). 
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• CASE 2.c.iii.a.l: type (I). 

Let us assume that Ui,U2 are of type (II), and M3,M4 are of type (I). It is easily 
verified (a posteriori) that the analysis of this subcase is symmetric with respect to 
the functions U2 and M3, and therefore, the preceding assumption holds without loss 
of generality. 

In this case we exploit one more condition which restricts the size of Specifi- 
cally, we notice that if N4 > (A^°)3+^'', then we have, using N2 > > A^4, 

Once again, if fl6.65p holds, we can proceed with (a modification of) the method used 
in case 2.b.iii to establish 

II A/"-! lease 2.e. ^2, M3, M4) || i+5,-i+5,T ^ .^^^ . . . ^ YllWjW |-<5,i-5,T- 

j=l 

We therefore assume for the remainder of this case that 
(6.66) < (Ar°)i+^^ 

We consider 



134 



{NiN2)^+—{N3N4)2-T2 {NiN2NsN4)^+— {N2NsN4)^+— 



(6-67) < ^ \,J.,n. < 



(iVO)l+^ ~ (iV0)T^-552 

By using fl6.67p and (a modification of) the methods of case 2.b.iii. we establish 

||A/'-i|2.e.(Ml, U2, U3, M4) II 1+5 _ i+5,T 

(6.68) < 

and the analysis of case 2.c.iii.a.l. is complete. 

• CASE 2.c.iii.a.2: M4 type (II). 

In this case we can obtain a stronger restriction on A^4. More precisely, we have 



\n\ 2 



5+'5|ni| |n|H'5|ni|5-'5+7 ^ (iV0)37 ^ 



(6.69) |i+<5_^| |i_-Y| |i+<5-'Y I li-'Yi |A ~ mS ~ (MO\'y'' 

|ni|2^" ^|n2|2 '^pap '|n4|2^" ^ \n2n3n4\2 P4I 4 ^ > 

unless Ni < {N^f^ . If flM) holds, we can proceed with a straightforward modi- 
fication of the method in case l.b.ii. Therefore, by taking 7 = 7(5) > sufficiently 
small, we may assume that 

(6.70) iV4 < (A^°)^ 
for the remainder of this case. 

Given the defining condition of case 2.c.iii., we must have ui,U4 of type (II), and 
M2,'U3 of type (I). The analysis of this case closely follows the method of case 2.b.i. 
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Indeed, the analysis is identical until the line fl6.36p . where, due to the assumption 
Mi,M4 G X^'^^"^ ^ (instead of X| "^'^ we obtain 

IIA/"-! lease 2.c.iii(«l, M2, M3, ^4) || }^+S-\+5.T 
4 



(6.71) sup 

|/i|<3(ArO)2 



in)'^^^ (2721)01(721)04(^4) 

1 22-2 1 1 ^3 1 

*(n,/i)ncase 2.c. 



^2 

InleiV 



where |22jp"'"^^|a„. p = 1, for 2 = 1,4. 

From here we continue to proceed as in case l.b.i., but more precisely 21,3 will play 
the role played by ni in case l.b.i. The analysis proceeds in this way, with only minor 
modifications (replacing powers oi\—5 with ^ + 5 in some places), until we estimate 

/i(r24,/x) as in line (I6.38p . and apply Lemma [67T] to obtain, for uj G ^2^: 



h{ni,iJ.) < sup ^ 

(n2,ri3)S*(n,ni,n4,/j)ncase 2.c. 



|22i 


\^\9n2{^)\\9m{ 


^)l 






1+25 




2 


224 


2 



(6.72) < T-^ sup 





22i| 


1-2(5 


1^2 


2-£ 




2-£ 



^"'^ {ni,n2,n3)£*(n,n4,/i)ncase 2.c. 

We will need the following lemma. 
Lemma 6.8. Let 

S{n,n4,fi) := {(221,21,2,21-3) : (?t-i, '"-2, ^1-3) G *{n,n4,fi) and (16.541) holds}. 

Then we have [^(n, 224, /i)| < (A^°) i-^* . 

The proof of Lemma [6.81 can be found in Section 5.2.5 of [29j. Combining (16.721) 
and Lemma [6.81 we have 



1(^4, /i) < T-^ ^ 1.,' < T-^ ^ 1.,' 



'4 



Nl-2Sj^2-e J^l-25^J^0^2S-eS 



(Aro)4-2^-ai5 ~ (Aro)4-2s-ai5 ~ (Aro)3-(2+5)^-T^ 

Notice that we have applied f l6.52p and (I6.70p in the previous lines. From here the 
estimates on (the contribution from) 11(224, /i) proceed as in case 2.b.i. 

In the analysis of the contribution from 72(224,//), we have to modify our analysis 
once again. In particular, in the line of inequalities in ( I6.42p . we need to obtain the 
same prefactor of (N'^)~^^~\ This is done quite easily by following the approach used 
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in (I6.73P above. We find 



(Aro)8 ~ (Aro)6' 

and from liere tlie analysis proceeds as in case 2.b.i. Tliis completes the analysis of 
case 2.c.iii.a. 

• CASE 2.c.iii.b: m type (I). 

As in case 2.c.iii.a., we pivot on the type of the factor, producing two more 
subcases. 

• CASE 2.c.iii.b.l: type (I). 

In this case we have ui, type (I), and U2, U3 type (II). We find 
|n|^"'"''|ni| ^ |n|5+'^|ni|5+'''|n4|'^ 



|ni|2 '^\n2ns\^^^ '^{n^l'^ ^ ^ |n2n3n4| 2+^ 



(6.74) < 1"'^'"''"^'^^''^^'' < < 



(jY0)l+25-27 ~ (iV0)'5-27 ~ ^-^q) §-37-552 ' 

In the preceding inequalities, we have applied both ( ]6.54p and f l6.66p . Having estab- 
lished f l6.74p . we can proceed with a straight-forward modification the method used 
in case 2.b.ii. 

• CASE 2.c.iii.b.2: m type (II). 

In this case, there are two possibilities. We have either that Ui,U2, Ms, M4 are types 
(I) (I) (II) (II), respectively, or that they are types (I) (II) (I) (II). Let us consider the 
case (I) (I) (II) (II), and briefly describe the adaptation to (I) (II) (I) (II) throughout. 

Once again, the analysis of this case closely follows the method of case 2.b.i. Indeed, 
the analysis is identical until we estimate h^n^, jj) as in line (16.381) . and apply Lemma 
l6.1l to obtain, for u G VLt'- 



/i(ri4,/i) < T-^ sup 

(n2 ,n3)£*(n,ni ,n4,/x)ncase 2.c. 





2 


\9'. 


nA^)\\9n2{^)\ 




\ni 


2 


1^2 


2 




1+2(5 



< T-^-' sup 

|n|~A'' (^Yi-i,n2,n'i)(^*{n,ni,^)r\case 2.c. 
^ |iVl|^(iVO)T^ ^ (iV0)-+T^iV]+25 







£ 


\^2\ 


2- 






1+2(5 



~ |A^2p-"|A^3|^+2'^ ~ |Ar2|l-e+25(;V0)2+4'5 ~ ^^q) f-f-lO^^-e-^ 

In the previous lines, we have applied Lemma [6.8[ f l6.52p and fl6.70p . The inequality 
(I6.75P is enough to estimate the contribution from 1(^4, /i) as in case l.b.i. Indeed, it 
is easily verified that, from the inequality (16. 75 p . we only require a negative power of 



INVARIANCE OF THE GIBBS MEASURE FOR THE PERIODIC QUARTIC GKDV 



83 



with magnitude greater than 1+. Note that, by taking e,6 > sufficiently small, 
this is exactly what we have accomplished. Let us pause to remark that the analysis 
above is easily accomplished with types (I) (II) (I) (II) as well. 

Before we estimate the contribution from 12(^4, /i), let us ffist observe that, in the 
case of types (I) (I) (II) (II), we can obtain a stronger restriction on the size of N2. 
More precisely, we have 



T|ri„| 2 T| 



< 



(6.76) < < < 



~ (^jyO) 1+25-27 ~ (iV0)5-37 ~ ^^o)|-37' 



unless N2 > (Ar0)5. If f l6T6|l holds, we can proceed with a modification of the analysis 
in case l.b.ii. We will therefore assume, for the remainder of this case, that 



(6.77) iV2>(iV0)i. 



Turning to the contribution from hin^jfi), we proceed with the analysis of case 
2.b.i. until ( I6.42p . where we find, using f l6.77p . 



\Pn,n',n4.,^J.\\L2(^Q^ — E | 



-nin[gn^ {uj)gn2 {uj)gn[ (w)5'n^ (w) 



ni,n2e*(n,/i,n3,n4) 
n'^,n'2€*{n' ,iJ,,n3,n4,) 



E 



\n3\,\m3\^N3 
{ni,n2)£*{n, 11,113, n^), ("'ii'^2)S*("''A*)'^3:"4) 
(mi ,m2)&*{n,fj,,m3 ,714), (m'j ,m2)&*{n' ,fi,m,3,rn) 



-nin'i){—mim[) 



(rii) (^2) {n[) {n'2) (ng) 1+2-5 (mi) (7712) {m[) {m'^) {1713)^+'^^ 

r2+45 



— E 

3 InsMmsHAfs 



(iV0)-iV2 

(ni,n2)e*{n,/^,n3,n4), (n']^,n2)S*(n',/j, 713,^4) 
(mi ,m2)£*(n,/i,m3,n4), (m'j^ ,m2)£*(rt',^,m3,n4) 



(6.78) |E ( fi-ni (C<;)fi'n2 (w)fi'n', (w)5'ni, i^)9rm i^)9m2 i^)9m[ (w)5'm^ (c^) 
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Then combining (I6.4ip and (I6.78p . we have 



\n\,\n'\r^N 

rp-2P 



< 



E 



n^n' , |n|,|n'|~Af, |n3|,|m,3|~Af3 
(7ii,n2)e*(n,/i,n3,n4) {n'^,n'2)&*(n' ,ii,nz,n4) 
(mi ,n2)£*{n,/i,m3,7i4) (rrij ,m2)S*{n',/J,m,3,n4) 



E ( gn^ {,Uj)gn2 i(^)9n[ (^)fi'nf, (w)5'mi (w)5'm2 (w)5'm', (w)^'^^ 



8" sup y. 

(iV0)5 |n3Mm3hAf3 V („,ni,n2)e*{/.,n3,n4){n',n;,ni,)e*{/.,n3,n4) 
(n,m\ ,m2)S*(/i,m3 ,n4) (n',m'j^,m2)S*(/i,ni3 ,n4) 



(6.79) < < 



by taking 5 > sufficiently small. Let us remark that, to obtain fl6.79p above, we 
have applied Lemma 16. 8^ (16.521) and (I6.77p . With (16. 79 p . we have established an 
estimate superior to (16.431) . and the remaining analysis of this case follows case 2.b.i. 

With the combination of types (I) (II) (I) (II), we can follow the same scheme to 
estimate the contribution from /2(n4,/i), but the roles of n2 and are swapped 
(including (I6.77p . which in this case restricts the size of N3). 

This completes the analysis of case 2.c.iii. 

• CASE 2. civ: At least 3 of ui,U2,Us,U4 of type (II). 

We consider subcases. In each subcase, we follow the method of case 2.b.ii. 

• CASE 2.c.iv.l: ui,U2,Us,U4, of types (I)(II)(II)(II), respectively. 
In this case, we find 



(6.80) 



|n|2+^|ni| 1 



< 



Using (I6.80p . we may proceed as in case 2.b.ii. 

• CASE 2.c.iv.2: mi, M2, M3, ^4 of types (II) (I) (II) (II) , (II) (II) (I) (II) or (II) (II) (II) (I) , 
respectively. 
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Suppose Ui,U2,U3,U4 are of types (II) (I) (II) (II). In this case, we find 



|ni|2^" |'T'2r P3'^4P P2'^3^4P 



(6.81) < < ^ 



(jY0)2<5-37 ~ (^jV0)5-37' 



Again, using f l6.8ip . we may proceed as in case 2.b.ii. It is trivial to verify that this 
approach applies with types (II) (II) (I) (II) and (II) (II) (II) (I) as well, and this case is 
complete. 

• CASE 2. civ. 3: Ui,U2,U3,U4 all type (II). 
We consider 



(6.82) 



Inl a+'^lml 



< 



\n,\'2+'-^\n2n3n,\-2+'~^ ^ (iV0)25-37^ 



and once again revert to the analysis of case 2.b.ii. 

This completes the analysis of case 2. civ., our final case, and the proof of Propo- 
sitioning] is complete. 

□ 

6.3. Probabilistic heptilinear estimates. In this subsection we prove Proposi- 
tion 16.21 This proof will be somewhat probabilistic in nature; it will incorporate the 
randomized data Uq^^ and make use of Lemma [6TT1 This probabilistic analysis will be 
simpler, however, than the analysis used in the proof of Proposition 16.31 In particu- 
lar we will not need Lemmas 16. 2116. 31 (hypercontractivity of the Ornstein-Uhlenbeck 
semigroup). 

The proof of Proposition 16.21 will rely on a certain (deterministic) cancelation in 
one region of frequency space. This cancelation is one of the more delicate points of 
this paper; we proceed to discuss its details before we begin the proof of Proposition 

As mentioned in Remark El it is in fact necessary that we explain these details 
before starting the proof of Proposition 16.21 Indeed, in the statement of Proposition 
16.21 and during the proof of Theorem [1], our use of the notation Af{ui, U2, Ms, U4) and 
A/i(P(m5, uq, U7, us),U2, U3, U4) with different input functions is somewhat misleading. 
When we write A/'(mi, U2, M3, U4) and Afi{V{u5,UQ,uj,us),U2,U3,U4) in this paper, 
if any of the input functions differ, we do not mean for these expressions to be 
interpreted literally. Instead, these expressions are defined through a decomposition 
in frequency space, with a certain cancelation enforced in a problematic region. There 
are two important questions that arise: 1. What is the nature of this cancelation? 2. 
Why are we allowed to enforce this cancelation? 

Before we answer question 1 in detail, let us forecast the answer to question 2. The 
crucial point here is that this cancelation only applies when the functions U2, ■ ■ ■ ,us 
placed into the nonlinearity Afi{'D{u5,UQ,U7,us),U2,U3,U4) are all the same {u = 
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U2 = ■ ■ ■ = Us). Luckily, during the proof of Theorem [T], when we estabhsh (14. 2p - 
fl4.5p . we will only need to consider the nonlinearity with different input functions 
through the addition and subtraction such terms, in order to produce factors on the 
right-hand side of the nonlinear estimates with the difference of two solutions (e.g. 

_ inserted (see fl4.17p and (14.2 ip ). Because we are adding and subtracting 
these factors, we can define M{ui, U2, U3, U4) and Afi(V{u5,UQ, uj, us),U2, M3, M4), with 
different input functions, to be any multilinear expressions that are suitable to our 
needs. We will only modify the definitions (from literal interpretation) in a single 
region of frequency space (a subset of Ai), to ensure that the cancelation which holds 
when u = U2 = ■ ■ ■ = Us is preserved for different input functions. 

We proceed to identify the cancelation, and to properly define A^('Ui, M2, Ms, ^4) 
and Afi(V{u5,ue,UT,Us),U2,U3,U4) with different input functions. Following these 
definitions, we will present the proof of Proposition 16.21 First suppose all factors are 
the same, and consider 



Ni{V{u, u, u, u),u, u, u)^{n, t) 

(6.83) ^ E / x..^n 



(ni,n2,n3,n4)eC(n) 
(n5,?i6,n7,n8)GC("i) 



=r2+---+T8 '^1 



We will induce cancelation in the contribution to (I6.83P from when = n and the 
remaining frequencies satisfy certain smallness conditions. Consider 



^1. 



(6.84) 



(n, n2, ns, n4, ns, ne, ny, ng, r, r2, rs, r4, rs, re, ry, rg) G (Z \ {0})® x 

= ns, T = T2^ hTg, ^2 + ria + n4 + ne + + "-8 = 0, 

7^2 + + ^4 7^ 0, |a| < \n\^^, \ak\ < , \nk\ < {nl"^ 

for k = 2,3,4,6,7,8 



Notice that, if (n, n2, . . . , ng, r, T2, . . . rg) G Ai^c, then (ni, n2, ns, n^) G C('^); ij^i ""-6, "'^7, n^) G 
C{ni) and (n, ni, n2, ^3, 114, ri, r2, ra, r4) G Ai. Indeed, the restrictions \nk\ < \n[^ 
for k = 2,3,4 and n2 + ^3 + n4 ^ guarantee that n ^ nk for k = 1,2,3,4 and 
ni 7^ —Uk for k = 2,3,4, thus (^1, 'n.2, ?t-3, 'n.4) G C(^)- Similarly \nk\ < \n\^ for 
= 6, 7, 8 and ng + ^7 + rig 7^ guarantees rii 7^ n, and n 7^ — rifc for k = 6,7, 8, 
and thus {n,nQ,nT,ns) G C('^i)- Lastly using the restrictions |(7|, |nfc| < |n|^ 
for k = 2,3, 4, 6, 7, 8 and n = n^, we can easily show that \ai\ > IrimaxP, and therefore 
(n, ni,n2, n^, n^, t^, T2, rg, r4) G Ai. 
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Because of this, we can consider the following contribution to fl6.83p 

Xi{'D{u,u, u, u),u, u, u)^{n, t)\a,^, 

8 

■ =-n / XAr,,YlHnj,Tj) 

n — n2 — n-^ — 



.T - T2 - Ts - T4 - {n - n2 - ris - 724)3 

8 

n2+n3+n4+n6+n7+ns=0 ^=T2+T3+T4+Ts+Te+T7+Ts j^2 

n 



n2 + n3 + n4 



T -T2-T3-T4- {n-n2-n3- 214)3 
(6.85) =:Ki{n,T)+K2{n,T), 

where we have defined Ki{n, r), K2{n, r) by expanding the parentheses in the second 
last line. We will only need cancelation to control Ki{n,T) {K2{n,T) will be esti- 
mated directly). Let us now describe this cancelation. We swap the variable names 
(n2, ns, n4, r2, Ts, r4) with {nQ,n7,ns,TQ,Tf,T8) and use the invariance of Ai^c under 
this modification to obtain 



n2+n3+n4+ne+n7+ns=0 T=r2+r3+T4+T5+TG+T7+T8 j=2 
1 



.T - tq - T7 - Ts - {n - rid - riT ~ ng)^ 

(6.86) 



T - T2 - T-i- T4- {n - n2 - ris - n^)^ 
Using n2 + + + uq + riT + rig = 0, we find 
1 



1 

T - T2 - - T4- (n - n2 - ris - ^4)3 



?,iT?{n2 + n^ + n^) - (3n - (^2 + ^3 + 714)) (n2 + ns + + t - - tq - tj - Tg 

1 

3n'^{n2 + JT-s + ^4) + (3n + (^2 + ^3 + ^4)) (^2 + ^3 + "-4)^ - (J + T2 + t-^ + T4 
(6.87) 

—Qn{n — rii)"^ + r — rs — 2o" 
{3nni{n - rii) + a - Tq - Tj - Tg){3nni{n - rii) - a + T2 + T3 + T4) ' 
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where we have used r = r2 + ■ ■ ■ + rg to obtain the last hne. This gives 
2 

n2+n.3+"4+ 

— 6n(n — ni)^ + r — — 2a 



n2+n3+n4+n6+n7+n8=0 '^'^=T"2+T-3+-r4+-r5+T6+T7+T8 



(6.88) 



{3nni{n - ni) + a - tq - tj - Ts){3nni{n - rii) - a + T2 + + T4) 



Now, as anticipated, we will define M{ui, U2, M3, M4) and A/i(r'('U5, uq, M7, us),U2, us, U4) 
with (potentially non-equivalent) input functions by extending the definition of Ki{n, r) 
according to fl6.88p . That is, M{ui, U2, M3, M4) is defined piecewise through a decompo- 
sition in frequency space. The region of integration A is divided into A_i,Aq,Ai,A2,A3,A4^. 
In the regions A^. for k = —1, 0, 2, 3, 4, we interpret Afk{ui,U2, M3, M4) directly (without 
modifying the definition for non-equivalent inputs). In the region Ai, we will exploit 
cancelation after the second iteration. It is here where we must emphasize that 
our use, during the proof of Theorem [1], of the notation A/'(ui, M2, tts, W4) (and more 
specifically of the notation A/i(mi, ^2, ^4)) with potentially non-equivalent inputs, 
is misleading. Indeed, the definition of A/i(mi, ^2, M3, M4) depends upon inserting an 
equation satisfied by ui (the second iteration), and our definition of A/i(mi, M2, M3, U4) 
will vary with this equation. However, the algorithm for determining this definition is 
straightforward, and we describe it here. During the proof of Theorem[T], the factor ui 
will satisfy an equation of the form (14.101) or one of its variants. The important point 
is that the equation satisfied by Ui will always be decomposed into contributions of 
type (I) (linear part, rough but random) and type (II) (nonlinear part, smooth and 
deterministic). The contributions from the type (I) part of Ui are always interpreted 
directly. For the contributions from the type (II) factor, we either (i) bound this 
factor using the higher temporal regularity b = + 6, via the estimate fl3.10p . in 
which case the nonlinearity is interpreted directly, or (ii) we expand the type (II) 
contribution into a heptilinear expression. In case (ii), in the complement of Ai^c, we 
interpret the nonlinearity directly, as in fl6.83p . For the contribution from the region 
Al e, we will force the cancelation f l6.87p . That is, for each n > and r G M, with 
|r — n^l < we define 

(6.89) J\fi{T>{u5,Ue,U7,U8),U2,U3,U4)^{n,T)\A^,, := Ki{n,T) + K2{n,T) 

where K2{n,T) is given as in (16.850 (but with potentially non-equivalent factors uj), 
and 



2 

(6.90) 



8 



n2+n3+n4+n6+n7+n8=0 "^"^=^2+^3+^-4+^-5 +T6+TY+r8 



Ki{n,T):=-— I XA,.,Y[uj{nj,Tj) 

=1 

~6n{n — rii)^ + r — — 2a 



{3nni{n - rii) + a - tq - - rs){3nni{n - rii) - a + T2 + T3 + T4) ' 

This way we can still take advantage of the cancelation of (I6.87P with nonequal 
factors. 
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Having defined the nonlinearity in the statement of Proposition \6.2\ we proceed 
with the proof. 

Proof of Proposition \6.2[ We spht into cases depending on the relative sizes of the 
spatial frequencies n, n2, . . . , ng. Here is a list of the cases we will consider. 

• CASE 1. \a\ > \nk\ > \n\^ or \ak\ > |n|^ for some k G {2, 3, 4, 6, 7, 8}. 

• CASE 2. \a\ < \nk\ < |n|^and|cTfc| < |n|^ for each A; G {2,3,4,6,7,8}. 

• CASE 2.a. U5 type (II). 

• CASE 2.b. Ms type (I). 

• CASE 2.b.i: n ^ n^. 

• CASE 2.b.ii: n = n^. 

We proceed with the analysis of each case. 

• CASE 1. \a\ > \n\^, \nk\ > \n\^ or \(Tk\ > for some k e {2, 3, 4, 6, 7, 8}. 
In this subcase we show that 

8 

(6.91) ||A/'i(^^(M5,M6,M7,M8),M2,M3,M4)|casel||i+5-|+<5 ~ JI " l-'^-i"'?.?^- 

J =2 

First suppose \nk\ > |n|^ for some k G {2,3,4,6,7,8}. We estimate 

|?T,|3+<^|ni llnsl 

Using ([632]) and (EM]), ( lOTl) follows from 

8 8 
j=2 j=2 

Then (K93h is obtained with Holder, ([22]), ([21]) and Lemma [231 

j=2 i=2 

8 

~ ll/5llo,i n \\f^\^-S-V25,^~S-V25 
i=2 



< T^||/5|lo,i-5ll/fe||i-5-y25i-5 n ll'^" 



i=2 
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Next suppose |crfc| > |?7,|^ for some k G {2,3,4,6,7,8}. We estimate 
(6.94) 1"'^"''";""^' < 1. 

Using flCTj) and f l6J[3T]) . f lOTj) follows from 

8 8 

(6-95) WUMln ^^'ll/5llo,i-.IIMIi-.,i-.-v^ n 

Then f lOSj) is obtained with Holder, ([22D, (El]) and Lemma EH 

j=2 j=2 

8 



i=2 

If 1^1 ~ the justification of (I6.95P follows the same method. 

• CASE 2. \a\ < \n\^, \nk\ < |n|^and|afc| < |n|^ for each A; G {2,3,4,6,7,8}. 

Notice that the region ^ must be treated as a subset of this case. 

• CASE 2. a. U5 type (II). ' 
In this subcase we establish 



Case 2. a. || l+A — 1 



, ,5 



(6.96) <rlM5|||+5,i-5,Tnil"i'l^-^^ 



2 I w, 2 '^i-^ X X " " 2 '2 ' 



We begin by estimating 



|n|2+'^|ni||n5| 



(6.97) ^ — ' < 1. 

Using (jHUD, dUS]) follows from 

8 8 

(6.98) II 11^42 ^^'ll/^llo.l-^n 

i=2 i=2 

i7^5 
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Then flCTj) is obtained with Holder, ([221), (M and Lemma |231 



j=2 j=2 
jV5 



iiMioinii/^-i 



< 

~ ... >3 J. J. 2 "'2 



<^'ii/5iioi-.nii/^- 



• CASE 2.b. Ms type (I). 

_ 1 

In this case we show there exists (3 > and ^It C fi, with P(f2y) < e r?, such 
that if w G Qt, then we have 



||A/'i(P(5'(t)A5Uo,<^,U6,U7, Ms), M2,M3,«4) lease 2.b. || 1+5 _ 1+5, 



8 



(6.99) <T'M^^ll\\u,\\r^s^,-s,T- 



2 '2 



Recall that A5 is the Fourier multiplier corresponding to the characteristic function 
of the interval [M5, K^] in frequency space, for some dyadic integers M5, K5 > 0. We 
will establish (16.991) using a dyadic decomposition in all factors. That is, we assume 
that \n\ ~ N,\ni\ ~ Ni, and as in the proof of (13.51) . we will order the frequencies 
(and corresponding dyadic shells) from largest to smallest using superscripts. To 
simplify notation, for the remainder of this case, we will let M5 = S(t)A5Uo,iu, and we 
will drop the explicit notation A/i(r'(M5, Me, ity, Ms), 1*2, 'U3, M4)|case 2.b., but maintain 
the restrictions of this case in our analysis. 
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Starting on the left-hand side of (16 .99 p . we use the restriction |r — n'^| < (A^°)^ 
to consider 



\\N'l{V{u^, Uq, Ur, Us),U2, U3, U4)\\ i_^s-^+5,T 

,1+25 



|M {V{U5, Ue,UT, Us) ,U2,U3, M4) {n, t) I 



1-25 

'|A|<{iVO)x 

3^|2^ 2 



■ |A^i(T'(u5,M6,U7,%),M2,'"3,'«4)('^,A + n )| 



^^|A|<(AfO)v^ 



sup ||(A/'i(^^(m5,M6,M7,M8),M2,M3,M4))(^, A + n^)|| 1+5 



0nv^53/2 



(6.100) ■ sup ||(A/'i(P(M5,tt6,^t7,^t8),M2,M3,M4))(?^,A + ra^)|| 

|A|<(AfO)^ 



To exploit the restriction |rj — r2|| < (A^^)^^ for each j = 2, 3, 4, 6, 7, 8, we will use 
the representation (I6.28p . That is, for each j = 2, 3, 4, 6, 7, 8, we consider 



Uj{nj,Tj) = / {Xj) 2+ Cj{Xj)ax^{nj)6{Tj - n - - Xj)dXj, 

'\Xj\<{NO)^ 



with En{ny-''\ax,{n)\' = 1 and c,(A,) = {EninV-'H^^y-'^Hny + X)\')' 
Also, by (16. 29 p . we have 



(6.101) / (A,)-^+%-(A,)rfA, < {N<^)'^'''''\\u,U si-s,T- 



CASE 2.b.i: n ^ ng. 



INVARIANCE OF THE GIBBS MEASURE FOR THE PERIODIC QUARTIC GKDV 

For fixed n e Z, r e R, we consider 
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„s L 



■■T2 + -+TS klll'^sl 



Kn-nl)Wuj{nj,Tj)dTj 



i=2 

3^5 



^ L 



(ni,n2,n3,n4)eC(™) 
(n5,n6,n7,n8)eC(ni) 



5(T5-ni) 



8 



E 



(r!.i,n2,n3,n4)eC(»i) 
(n5,n6,n7,n8)eC(ni) 



|A,K(ivO)v^ IcTillnsI 

i=2,3,4,6,7,8 



J=2 

j¥5 



(6.102) 



n(A,)-^+^c,(A,)aA,(n,)dA, 



J=2 



by Fubini, and integration in T2, . . . , Tg, since 



T=T2-\ hrg 



^(^5 - nl) H S{rj - n] - Xj)dTj ^S{T-nl~ ^^(nj + A,)). 



j=2 



i=2 

j¥5 
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Then, for each fixed A G M, we use (16.1021) and apply the Minkowski inequahty to 
bring the integral(s) in Xj outside of the norm. 



\\{Afi(V{u5,U6,U7,Us),U2,U3,U4)){n, A + 



E 



\Xj\<(NO) 



V2S 



(ni,n2,n3,n4)eC(n) j=2,3,4,6,7,8 
{n5,n6,n7,n8)eC(™i) 



Wi\\i^5\ 



i=2 



n(A,)-H^c,(A,)a,^,(n,)dA, 



j=2 

j¥5 



< 



j=2,3,4,6,7,8 J.-2 



sup 

\\,\<{N°)^ 
i=2,3,4,6,7,8 



E 



(ni,ri2,n3,n.4)6C{") 
(n5,n6,ri7,"8)eC(ni) 



Wi\\'n'5\ 



6{X + n^-nl-J2i^^j+>^j)) 



J=2 



i=2 



sup 

|Aj|<(AfO)^ 
i=2,3,4,6,7,8 



j=2 

j¥5 



(ni,n2,n3,n4)e(;{") 
(n5,n6,n7,n8)GC(ni) 



lo'ill'^sl 



5(A + ri^-^^-$^K + A,)) 



J=2 



(6.103) 



i=2 



Z2 
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Note that we have apphed f lG.lOip to obtain the last line. Now letting fj, = Yl^j=2 jf^5 
A, we find 



\\Afi{V{u5, uq, U7, Us), U2, Us, M4) II 1+5 _ i+5,r 

<T^-(iv°)^^^^'^riikji-,i-..T 



2 '2 



(6.104) • sup |nh+ 2^ I 11 I [[an, 



M<c{ivo)V2. ^^^^^^ nil -5 1 



where := a\.{n^ (we have removed the dependance on Aj because our estimates 
will hold uniformly with respect to these parameters), and 



<(n,/i) = \ {n2,n3,n4,n5,nG,n7,ns) G : (rii, n2, ris, ^4) G C(^), 

8 

(n5,n6,n7,?28) e C(^i) and n^-^n| = /i|. 



j=2 



Let us highhght a crucial property of the set *(n, /i). Suppose the six variables 
n2, na, 714, ng, ny, rig are fixed, and (n2,...,n8) G *(n, /i). Then the relation n = 
?T-2 + ■ ■ ■ + ^^-8 determines as a function of n, and n satisfies — X]j=2 ~ 
which is a (nondegenerate, since n 7^ 77,5) quadratic equation in n with at most 2 
roots. That is, in this subcase (with n ^ n^), we can sum over the set of integers 
{(n, n2, na, ^4, ns, ng, ny, ns) G : (n2,...,n8) G *{n, fi)} by summing over the six 
variables n2, na, n4, ng, ny, ng. We will use this observation in the estimates that 
follow. 

By bringing the absolute value inside and applying Lemma 16. H there exists Qt 

_ 1 

satisfying P{Q^) < e tP such that for each u G VLt we have 



(6.105) 



(6.106) 



*{n,fj,) 



kill'^sl 



'"n 



< 



2^-/3/2 



(iVO) 



sup 



2 ^ |M|<C(AfO)2 



ElEni 

|n|~7V *(n,/i) i=2 
"5 7^" 
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where we have used the condition |cri| > (A^°)^ of the region Ai. With repeated 
apphcations of Cauchy-Schwarz, we find 



fl6A06|) = , ^ ^ sup 



El E 



''J12 I 



E n 



2^-/3/2 

< — — sup 

(A^O)2-<5-/3 |^|<c'(iV0)2 



2^-/3/2 

< J sup 



E 

|n|~Af,|n2hAf2 



?T-2 



1-2(5 



E n 

{{ns,...,ns):{n2,...,ns)e*in,ij.),n5=/=n} J— 3 



|n|~Af,|nfehiVfe, J=2 ' J' 

2<A;<7,fc/5 jVS 
{(n5,n8):(n2,.--,"8)G*{n,/i),n5^n} 



2^-/3/2 



(A^0)i-75-/3-37 |^|<f;(^o)2 
7^-/3/2 



sup 



E n 



25 



1 



77, 



|nfchAffc,2<A;<8,fc7^5 j=2 ' ■'I 

{(n,n5):(7i2,--->"8)e*(n,/i),n^n5} 



.11+7 



< - 

~ (ATO) 5-75-/3-37 



sup 



E 



1 



|/i|<C(AfO)2 V |nfchAffe,fc=2,3,4,6,7,8i=2 

jV5 



(6.107) 



< 



2^-/3/2 
0^1^-75-/3-37' 



Notice that, in the 3rd hne above, we have used the condition ^ — "^s- Indeed, as 
discussed above, for fixed n, n2, ns, n4, ng, n7 and /x, is determined by ng, which 
satisfies a non-degenerate (if ns 7^ —ng) quadratic equation with at most two roots. 
Also notice that we have used the same argument (with n 7^ n^) to avoid summation 
with respect to n in the second last line. The condition 7^ — ng holds because 
n = n2 + ■ ■ ■ + Us and \nk\ <^ \n\^ for k = 2,3, 4, 6, 7, 8 gives \n\ ~ jrisl, and thus 
^5 7^ — ''^fc for all k = 2,3, 4, 6, 7, 8. 

Combining f l6.106p -( T6.107p . the inequality f l6.99p follows, and case 2.b.i. is com- 
plete. 

• CASE 2.b.ii: n = n^. 

Notice that, with the restrictions of this case, we are considering contributions 
to J\fi{V{u5, Uq, U7, Us),U2, U3, Ui) from frequencies (n, n2, . . . , ng, t,T2,..., rg) G Ai^c- 
Therefore the definition of our nonlinearity in this case is given by ( I6.89p - (l6.90p . 
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Notice that, using |cr|, |crA,.|, |r2fc| ^ we have 





n\ 


— 6n{n — Til 


+ r - rs - 2a 




\3nni{n — rii) + a - 


-TQ-T7- Ts\\3nni{n - rii) - 


o- + T2 + T3 + r4 



(6.108) 



< 



0^2-7 



and 



(6.109) 



1^2 + '"■3 + ^^4! ^ 1 



|cTl| ~ (iV0)2-7- 

Substituting that is type (I), with (I6.89p -( l6l90ll this gives 



\Afl{V(u5, Uq, U-r, Us),U2, M3, U4){n, r)|case 2.b.ii. 

1 



< 



(ATo; 



2-27 



\9n{uj)\ 

E 



|nj|<(iVO)" 



T — n''=T2+T:j+Ti + T(i+Tr + TS 



n 



Uj[nj, Tjj 



Following the approach used in the previous case (see f l6.102l) -( [6.110l) ). we find 



\(V{ur^, Me, Ms), «2, M3, ^^4)11 1+5-1+5 



< 



(-7V0)2-27-6V253/2 n 



(6.110) 



sup 

\^_i\<C{N0)V26 



i=2 
jV5 



|n|2+^|5(„(a;) 



*{n,/^)n{n=n5} j=2 



where a„^, := aAj (nj) (we have removed the dependance on Aj because our estimates 
will hold uniformly with respect to these parameters). Then by Lemma 16.11 and 
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repeated applications of Cauchy-Schwarz, we have for u G fir, 

WUl (V{U5, Ue, U7, Us),U2, Us, Ua) II i+5 - 1+5 

i=2 |M|<C{iV0)V2J ,(„^^)n{n=n5}i=2 

^ 77^^iT^iWi5^^^nil^J'lli-5-|-'5,r sup 5^11' 

Jt^S \nj\<{N'>)°' j¥=5 



ar. 



I?. 



/;^0^1-27-6V2^3/2-2/3 nil^j'lli-5-|-'5,r sup J] 
V^"^ / 7=2 l"!"^^ n2+n3+n4+n6+n7+n8=0 7=2 



8 



j=2 I I n2+n3+n4+n6+n7+n8=0 j=2 

\nj\<iN°r i/5 

~ ('/V0U-27-6V253/2-2/3 II H^^' H ^-''-^-'^'^ ( ^ 11 /72.\l-25 



j=2 WkhNk, fc=2,3,4,6,7,8 j=2 ^ 



('/V0U-37-6V2<53/2_5_2/3 n I' H S-'^'S ^"5'^ ( n/^.\l+27 
^ ^ i=2 hfchAffc, fe=2,3,4,6,7,8i=2 ^ 



(6.111) 



< 



n 



(•jY0^1-37-6v^<53/2-<5-2/3 i 



and fl6.99l) follows by dyadic summation. This completes the analysis of case 2.b.ii. 
We have therefore established fl6.8p . and (16.91) is justified with the exact same argu- 
ments. The proof of Proposition 16.21 is complete. □ 

6.4. Deterministic nonlinear estimates. In this subsection we present the proof 
of Proposition 13.21 That is, we establish the deterministic estimates (l3.8p -( l3rT3|l . In 
this section we require the following calculus inequality: 

Lemma 6.9. Let Q < 5i < 82 satisfy 5i + ^2 > 1, and let a G M, then 

de ^ 1 



where a = 5i — {\ — 52)+- Recall that (A)+ := A z/ A > 0, = £ > z/ A = 0, and = 
z/A < 0. 

The proof of Lemma 16.91 can be found in \1T\ . 



Proof of Proposition \3.S[ We establish Proposition 13.21 with 6q = 0. It is straight- 
forward to adapt the proof to < 60 < 6 (see Remark [9]). The ordering of inequalities 
(13.81) and (13.91) in the statement of Proposition 13.21 is a little misleading; we will 
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establish fl3.9p first, then use it in the proof of (13. Sp . Our choice to order these 
inequalities as written was based on the instinct of discussing (the estimates needed 
for) existence before continuity. We proceed with the proof of (13. 9p . In fact, we 
establish 



(6.112) 



||A/'o(mi, M2, Ms, M4) II 1+^,-1 <n 



J II 2 "12 2 ' 



Then (13. 9 p follows easily from (I6.112p and Lemma [2.41 with 6 = 26—. 

Using II ■ ||^^i+5_i < ||X[o,r](^) ■ ||yi+i,-i (from the definition of the norm) and 



X[0,T] {t)Mo{Ui , U2, Us, M4) = Mo{X[0,T] X[0,T] {t)u2, X[0,T] {t)u3, X[0,T] {t)Ui) 



it suffices to establish 



(6.113) 



\\J^o{ui,U2,U3,U4)\\^i+,^ 



2 ' 2 2 



where each uj satisfies Uj = X[o,T]{t)uj. We proceed to establish (I6.113P as written, 
introducing factors of X[o,t](^) (in front of the Uj) when needed. 
Let 



for each j = 1, 2, 3, 4. To prove (13. 9 p it is sufficient to establish 



in) 



h+5 



\fjirij,Tj)\ 



T1T2T3 ^^o'l^llH, ,1_M 

ni,n2,n3 r=Ti+---+T4 j=l \%/^ ('^j/^ ^ 

n=ni-\ \-n4 



(6.114) 



Using the condition |o"| > |?^max|^, "we have 



(6.115) 



|n| 2+''|?2]^| 



< 
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Applying fl6.115p . and subsequently removing all restrictions in frequency space (which 
is allowed because we have brought absolute values inside), we have 

LHS of Kim 



< 



((7)65+7 1-175-57 



E 



ni,n2,n3 o ^^^^^ 

n=raiH |-n4 



l/l(«l,^l)l TT l/jK-.T-jOl 

,=2 (^i)^^'^(c^i)^ ^ 



< 



(^)65+7|^|l-175-57 



E 



ni/( 



n.i,7i2,n3 >'r=riH |-t4 j=l 

n=n\-\ 



(6.116) 



E 



ni,?i2,n3 >'r=ri + ---+-r4 ^ 



1-35 n 



1 



i=2 



n=7iiH |-ri4 

by Cauchy-Schwarz in ni, n2, na, ri, r2, ts, for fixed n, r. Next we fix r, n, ni, n2, ns, 
and repeatedly apply Lemma [6.91 to obtain 



L 



(ti - n\Y~^^{T2 - rii)i-3'^(r3 - n|)i-35(^ _ ^-^ _ - rs - n^)i-35 

(iri(ir2 



< 



< 



< 



,T2 (^1 - n\Y'^^{T2 - n|) 1-3-5 (r - ri - r2 - - 71^)1-6-5 

(ri - nf)l-35(^ _ _ ^3 _ ^3 _ -^3)1-95 
1 



Using fl6.117p . we have 



f l6ll6|) 



E 



E 

ni,n2,n3 
n=niH |-n4 

1 



'T.i,n2,n3 
n=riiH |-fi4 



(r — n\ 



=TiH hr4 j=l 



\i 125 n 



ni/( 



^3)1-125 11 (^.)l+27 



(6.118) 



< 



sup 



E 

"2: 
+ ■■ 

1 



''"l,T2,'r3 

ni,"2,n3 ''r=riH I-T4 j=l 

n=n\-\ |-n4 



ni/( 



1-175-57 

n=niH \-n4 



1-125 n 



1 



i=2 



A 1+27 
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In the last line we applied Cauchy-Schwarz in r, and took out the supremum in n 
afterward. Applying Fubini we compute that 

4 1 4 

lt( E ni/(%.'-^)iTIL. =niiAii«„- 

ni,n2,n3 "'t=tiH Vt^ j=l "-'^ j=l 

n=niH |-n4 

It remains to estimate the second factor in fl6.118p . We change the order of integration 
and summation inside the supremum, and integrate in r, for fixed n, ni, n2, n^. Since 
we have 

(^•^20) ^ (r - n3) 125+27 - nl) 1-125 ~ (n3 - n? n|)27 - ^ 



by Lemma 16.91 this gives 

n^o\n\ ^Jr „ — „3 \0] V' - ^"-i '^4/ 



4 ^ 1 

2 



^'in ln|l-17<5-57 ( / _ 5Z (^)m+27(^ _ ^3 n3)l-125 H (n,)l+27 



n=n\-\ \-n4, 

1 / tV 1 



(6.121) < 1. 



4 . 1 



n=niH |-n4 



Combining f l6TT6|) . f l6TT8|) . f l6TT9|) and f l612T]) . we obtain the estimate (KTW\ . The 
proof of (13. 9p is complete. 

Next we establish (13. 8p . We will prove (13. 8 p using linear estimates, (13. 9p . and the 
following estimate on the nonlinearity. 



(6.122) ||Aro(Mi,M2,%,W4)||i+5,_i_5,T < n 

i=i 



J II 2 0, 2 2 '-^ 



That is, (EH) follows from Lemma EH (Kim . ( K9\\ and Lemma [231 

||r'o(Ml, M2, Ms, M4) II 1+5 ^-5,T ~ II-A/'o(Mi, ^2, ^3, U4) \\ i^s-^-S,T + ||A/'o(Mi, M2, M3, M4) || i- 

4 

< r[ll^j'IU-5,^-¥,r+ I|A/'o(Ui,M2,^^3,«4) II 1+5,-1 

i=i ^ 



<r--nik,||. 

i=i 



2 



We proceed to justify (I6.122p . which is equivalent to: 

4 

\\XlO,T]{t)Afo{Ui,U2,U3,U^)\\i^S^^i_S < JJ \\X[0,T]{t)Uj 



1-5 1_34- 

2 '2 2 

i=i 
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Then since Xlo,T]{t)Mo{ui, U2, M3, M4) = J^o{X[o,T]{t)ui, X[o,T]{t)u2, X[o,T]{t)u3, X[o,T]{t)ui) 
it suffices to establish 



(6.123) 



\\Afo{ui,U2,U3,Ui)\\i^s^^i_s <T^Yl 



2 '2 2 ■ 



where each uj satisfies Uj = X[o,T]{t)uj. We proceed to estabhsh fl6.123p as written, 
introducing factors of X[o,t](^) (in front of the Uj) when needed. 
Using the condition > |nmaxP, we have 



(6.124) 



< 1. 



(a)2+'5(ni)2- 

Define the function Wi := ((ni)^~'^'Ui(ni, Ti))^. By using fl6.124p . subsequently re- 
moving all restrictions in frequency space, and applying Plancherel, we find 



||A/'o(Ul, U2, Us, U4) II 1+5 _ 15 



< 



< 



C(n) 



(in) 



T=Tl-\ I-T4 



T=Tl-\ \-T4 



XAo^(m,ri)n 

Uj{nj, Tj) 



i=2 



n=ni-\ h»i4 



T=Tl-\ \-T4 



Uj (rij , Tj ) 

j=2 



(6.125) 



IW1M2M3M4IIL2 • 



To prove fl6.122p it now suffices to show that 



(6.126) 



\wiU2U3u4lI, ^ lki||o,i_5n ll^jlli-^.i--^' 



i=2 



where wi = Xlo,T]{t)wi and Uj = Xlo,T]{t)uj for each j. The inequality fl6.126p is 
obtained with Holder's inequality, fl2.8p . (12. 7p and Lemma E 

4 

4 



< Ikillo.illll^J'lll-^. 



i=2 



with S < j:^. The proof of (16.1220 (and thus of (13. 8p ) is complete. 

Next we justify ( I3.10p and (13. lip . Using the condition |cri| > InmaxP, we have 
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Using fl6.130p and duality, fl3.10p follows from 
(6-128) / V ■ fiU2U^UAdxdt < ll^llo.i-^.Tll/iIlL^^,^,, ^, H 



I J II 2 u, 2 "i-t 



i=2 

Then f l6.130p is established using Holder, { \2.7\i . (12 .Sp and f l2.10p (as in various cases 
above). 

For (13. lip , we use the condition |o"2| ^ l^maxP and find 



(6.129) 



|n|2|ni| ^ 1 



Using (I6.129P and duality, (13. lip follows from 
(6.130) / V ■ fiU2U^udxdt < ||t^||5,i„5,rll/i||o,i_5,rl|M2||L2^^^j^_^j JJ 



i=3 

Then (l6.13Up is established using Holder, (12. 7p . (12. 8 p and (I2.10p (as in various cases 
above). 

We turn to the justification of (I3.12p . We consider 

||A/'2(mi, V{u5, Me, U7, Us), Us, U4) II 1+5,-1+5 

I \-+S r 8 

\(^}^ „=„2 + ...+„g -'T=r2 + -+T4 ^.^^_^._^2 

Using Icxal > In^axP we have 

(6.132) , ' , ,1 '' I, < 1- 

|(T2||ni|2 Irisp" 

Using fl67[3T]) and fl67[32|) . fl3:T2|) follows from 



Then fl6:T33D is obtained with Holder, (jM]) and Lemma [231 



j=2 i=3 



J=3 



<T^II/l|lol-5ll/5lU-35l-5nil/: 



i=3 
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We have established fl3.12p . and fl3.13p can be obtained with the same argument. The 
proof of Proposition 13.21 is complete. □ 
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